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Containers

Semantics for a wide class of strictly positive data types.

A container’ S < P consists of a set of shapes S and a family of
positions P : S — Set.

Containers can be interpreted as functors on Set

[S<P]X =) (Ps— X)

s:S Visualised: the “Id” container
(one shape, one position)

This interpretation is functorial, and fully-faithful.
rAbbott et al. 2005]



Container interpretation

An element of [[S < P]| X consists of a shape s : Sandamap f: Ps — X.

/ The shape

S

We can think of

these using
triangle diagrams. p ———— Ageneric position
fr
T Data stored at this

position



Containers compose

Containers are closed under composition.

(S<aP)o(T<Q) := [S<1P]]T<1(

Intuition in terms of
triangle diagrams:

i

fp

[ JON

£ Q fp)

p:P s



Containers compose

Containers are closed under composition.

(S<P)o(T<Q):=|[S<P] Tk

(Ms.5)- > Q)

o s

\ .
The composite shape data

Intuition in terms of p
triangle diagrams: 1

/zf




Containers compose
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Containers compose

Containers are closed under composition.

(S<P)o(T<Q):=[S<P] T« ()\(s,f).

Intuition in terms of %
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Monadic containers

Briefly: “containers whose functor interpretation carries a monad structure”

A monadic container’ is a container S < P along with the data:

L: S
o Hps—>5) — S

Monadic containers are in
I | | | P (0’ S f — E P f p bijection with monads on
Set whose underlying
{5-5} {f-P*S%S} p.Ps functor is a container’.

+ 8 monoid-esque equalities Y Uustalu 2017)



Monadic containers

Briefly: “containers whose functor interpretation carries a monad structure”

A monadic container’ is a container S < P along with the data:

., S | <— This specifies the monad unit

o HPS—>S)—>S

Monadic containers are in
I | | | P (0’ S f — E P f p bijection with monads on
Set whose underlying
{5-5} {f-P*S%S} p.Ps functor is a container’.

+ 8 monoid-esque equalities Y Uustalu 2017)



Monadic containers

Briefly: “containers whose functor interpretation carries a monad structure”

A monadic container’ is a container S < P along with the data:

These specify the
S | «<— This specifies the monad unit monad multiplication

L s

o HPS—>S)—>S

Monadic containers are in
I | | | P (0’ S f — E P f p bijection with monads on
Set whose underlying
{5'5} {f°P*S_>5} p.Ps functor is a container’.

+ 8 monoid-esque equalities Y Uustalu 2017)



Monadic containers

“A shape-full of
shapes is a shape” s

prip

f(prip)

prop

L

U:I:(PS—MS’)—MS'

S
IT I PsH—= > P(fp)

pr:

S

S:

{..‘S’ZS} {f:Ps—S}

p:P s

osf
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“A shape-full of
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I

fpryp)

prop

L

o

pr:

S

:I:(PS—>S)—>S

S
IT I PsH—= > P(fp)

S:

{..‘S’ZS} {f:Ps—S}

p:P s

prip \
P

osf




Monadic containers

“A shape-full of
shapes is a shape” s

prop

L

U:I:(PS—>S)—>S

S
IT I PsH—= > P(fp)

pr:

S

S:

{..‘S’ZS} {f:Ps—S}

p:P s

f (pl’%

osf




L: S

Monadic containers o T[(Ps—5) =

S:

S
One (?xample is the coproduct monadic or - ‘[ H P(osf)— Z P(fp)
container: (5:8) {f:P s—S} p:Ps

» Example 13 (). The container (T + E) < Tr of coproducts with F, where
Tr(inlx) =T
Tr (inr*) = L

can be extended to a monadic container by taking

L= inlx%
o(inlx) f == fx
o(inre) =e

pr {inl*} x := (%, %)



L: S

Monadic containers o T[(Ps—5) =

S:

S
One ejxample is the coproduct monadic | . ‘[ H P(osf)— Z P(fp)
container: (5:8} {f:P 55} p:Ps

» Example 13 (£x). The container (T + E) < Tr of coproducts with E, where
Tr (inlx) =T

Tr (inr*) = | inl* 61

can be extended to a monadic container by taking "

L= inl%

o(inlx) f == fx

o(inre) =e

pr{inlx} % := (%, %)

€2 €3




Composing monadic containers...?

Suppose we

want to define
“multiplication” S
maps (o and

pr) for a

composite

container...

gpr,q,

: hp,q,p, t



Composing monadic containers...?

Suppose we
want to define S
“multiplication”
maps (o and
pr) for a
composite
container...

Monadic container ur (fp1) (9p1)

distributive law

&P, (u11u277}1,’l)2)

uz (fp1) (9p1)

hp,q,p,

hpi (v1pq) (v2pq)
@




Composing monadic containers...?

Suppose we
want to define
“multiplication”
maps (o and
pr) for a
composite
container...

gpr,q,

hp,q,p,

Monadic container

distributive law

(ula u27vl7v2)

uy (fp1) (gp1)

ug (fp1) (gp1)

hp1 (vipq) (v2pq)

\ Can now

“‘multiply” using

— the o for each

monadic
container



Monadic container distributive laws

v : TS = ST

T s
TS . ST TS . ST

T8s ¥ 5 79 %, 99T Trs -2 TST L\ STT
T,usl J{MST MTSJ lSuT
TS . ST TS . ST

[Beck 1969]

“.. it can be rather difficult to prove the defining
axioms of a distributive law.”

[Bonsangue et al. 2015]

u: [[(Ps—T)—>T
s:S

U2!H H Qursf)—S

s:S f:Ps—T

V1 H H H P(uzsfq) — Ps

{s:S} {f:Ps—T} q¢Q (u1sf)

[ H H H H Q (f (vigp))

{s:S}{[:Ps—T} qQ (urs f)p:P(uz2s fq)

w S (A_t)=t

us S (A_t)= )\_.LS
v {1} {\_thgp=p
v {"}{A_thgp=4¢

wsO_.Ty=."

uzs(A_t")=A_.s
vi{s}{A "}gp=p
v2{s}{\_."}gp=4¢g

ui (0”5 f) (gopr’) = ur s \pua (£p) (90 (p,—)))
us (05 f) (g o pr®) g = 0% (uz s Apus (p) (g0 (p,-))) q)
(Apuz (f (vigp)) (g0 (v1ap, —)) (v2qPp))
pry (vigp) =v1q(pri p)
prs (v gp) = v1 (v24 (pry p)) (pr5 p)
v2 qp = v (v2q (pry p)) (pF; p)

urs(Ap.o” (fp)(go(p,—)) =0" (u1sf) (Agur (uzs fq) (govq))
uz s (Ap.o” (fp) (g0 (p,—))) g =us (uzs f (pr{ q)) (govq) (prs q)

v (pri q) (v1 (pry @)p) =vigp

va (pr] q) (v1 (pry q)p) = pry (v2qp)

v (pry @) p = pry (v2qp)



Monadic container distributive laws

For example, there is a monadic container distributive law of any monadic container
(S<P,.5, 0% pr¥) over the coproduct monadic container:

w (inl*) f = (f %, \_.inl %)
u(inre) = (.5, \_.inre)

v{inlx}{f}p*x:=(xp)




Monadic container distributive laws

For example, there is a monadic container distributive law of any monadic container
(S<P,.5, 0% pr¥) over the coproduct monadic container:

w (inl*) f = (f %, \_.inl %)
u(inre) = (.5, \_.inre) Lemma: it is the unique one of this type!

v{inlx}{f}p*x:=(xp)

inl % L

inlx
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Composite monadic container

Given a distributive law, we can construct the
composite monadic container:

b= 0, A a")
o (s,f)g = (s (Apus (fp) (g1 0 (p,—))),
Ap.o™ (uz (f (pri p)) (91 0 (pri p,—)) (pr5 p))
(Aq.g2 (pri p,v1 (pr5 p) @) (va (prs p) )
pr(p. q) = ((pr{ p,v1 (pr3 p) (pri q)),
(v2 (pr3 p) (pr1 a),pra q))

This is analogous to the composite monoid
(Zappa—Szép product) obtained from a matching

| |




11

Matching pairs

Given two monoids:

1 |

A matching pair is a pair of monoid
actions:

such that the following equalities hold:




Cartesian monadic containers and type universes

We can see cartesian monadic containers as Tarski-style type universes’ closed under singleton
and dependent sum types.

s : U is acode un: Pt =T
P s is the type (set) coded for by s H H P(osf)= Z P(fp)
{s:S} {f:Ps—S} p:P s

Under this lens, the distributive law on slide 9 becomes a uniform way to extend a type universe
with refinement types.

<>Tr Z'I‘rfx

s f):ZPs—>2 is a code
s:U

O%.(s, f) is the type coded for by (s, f)
12 1 Altenkirch and Pinyo 2017]



Cartesian monadic containers and type universes

We can see cartesian monadic containers as Tarski-style type universes’ closed under singleton
and dependent sum types.

s : U is acode un: Pt =T
P s is the type (set) coded for by s H H P(osf)= Z P(fp)
{s:S} {f:Ps—S} p:P s

Under this lens, the distributive law on slide 9 becomes a uniform way to extend a type universe
with refinement types.

Of (s, f) == Z Tr (f =)

s f):ZPs—>2 is a code
s:U

O%.(s, f) is the type coded for by (s, f)
12 1 Altenkirch and Pinyo 2017]

Elements of P s for which the predicate holds
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Cartesian monadic containers and type universes

Under this lens, the distributive law on slide 9 becomes a uniform way to extend a type universe
with refinement types.

On(s, f) =) Tr(f=)

x:P s

(s, f): ZP3—>2 is a code
s:U

O%.(s, f) is the type coded for by (s, f)

Elements of P s for which the predicate holds

The codes for singleton and dependent sum types in the “refinement type” universe:

L

(M, A_true)

g otherwise false otherwise

o (5, g = (Uu s ()\p. {91 (p,*) if fp = true ),)\p. {gz (pr¥ p,x) (prY p) if f (prY p) = true )
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Cartesian monadic containers and type universes

We can see cartesian monadic containers as Tarski-style type universes closed under singleton
and dependent sum types.

s : U is acode un: P =T
P s is the type (set) coded for by s H H P(osf)= Z P(fp)
Y {f:Ps—S} p:Ps

Further work: adapt monadic container distributive laws to distributive laws between type universes
with singleton, dependent sum and dependent product types.

W‘HPS—)S)—)S

app: [[ [] Prsf) = H (fp)

{5:S} {f:P s—S} Ps

w(osf)(gopr) :7TS(/\ZC.7T(f$) (gx))
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Container characterisation landscape

Monadic containers
(containers with monad structure)
[Uustalu 2017]

Directed containers
(containers with comonad structure)
[Ahman et al. 2012]

Directed container distributive laws
(characterisation of comonad distributive laws
in terms of directed containers)
[Ahman and Uustalu 2013]



15

Container characterisation landscape

Monadic containers
(containers with monad structure)
[Uustalu 2017]

Monadic container distributive laws
(characterisation of monad distributive laws in
terms of monadic containers)

Directed containers
(containers with comonad structure)
[Ahman et al. 2012]

Directed container distributive laws
(characterisation of comonad distributive laws
in terms of directed containers)
[Ahman and Uustalu 2013]



15

Container characterisation landscape

Monadic containers Directed containers
(containers with monad structure) (containers with comonad structure)
[Uustalu 2017] [Ahman et al. 2012]

Directed container distributive laws
(characterisation of comonad distributive laws
in terms of directed containers)
[Ahman and Uustalu 2013]

Monadic container distributive laws
(characterisation of monad distributive laws in
terms of monadic containers)



Corresponding monoid structures

A X —
B — —

16

A x —

B — —

Writer monadic container

Reader directed container

Writer monadic container

Matching pairs

Functional monoid actions

Reader directed container

Matching pairs

Matching pairs




Corresponding monoid structures

A X — B — —
Writer monadic container | Reader directed container
A X — Writer monadic container Matching pairs Functional monoid actions
B — — Reader directed container Matching pairs Matching pairs

A “functional monoid action”isamap « : (A - B) - A — A satisfying:
afet =et
af(@add)=afad?aDz.flafad®z))a
a(A_.ePa=a

aMr.frdPgr)a=af(a(Ar.g(afz))a)

16
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Cubical Agda formalisation

This characterisation is good for formalising distributive laws in Cubical Agda.

MaybeDistr : V {¢s ¢p} (S : Set ¢s) (P : S -» Set ¢p) (MC : MndContainer &s ¢p (S > P)) -
MndDistributiveLaw £s ¢p 2 JustOrNothing S P MaybeM MC

u: (MaybeDistr S P MC) true f = f tt

u: (MaybeDistr S P MC) false f = MC .1

uz (MaybeDistr S P MC) true f _ = true

uz: (MaybeDistr S P MC) false f _ = false

vi (MaybeDistr S P MC) {true} _x = tt

vz (MaybeDistr S P MC) {true} {f} p x =p

unit-1B-shape: (MaybeDistr S P MC) true = refl

unit-1B-shape: (MaybeDistr S P MC) false = refl
unit-1B-shape: (MaybeDistr S P MC) true = refl
unit-1B-shape. (MaybeDistr S P MC) false = refl
unit-1B-pos: (MaybeDistr S P MC) true i q tt = tt
unit-1B-pos: (MaybeDistr S P MC) true i q tt = q
unit-1A-shape: (MaybeDistr S P MC) _ = refl
unit-1A-shape: (MaybeDistr S P MC) _ = refl
unit-1A-pos: (MaybeDistr S P MC) s i q tt = tt
unit-1A-pos: (MaybeDistr S P MC) s i q tt = ¢
mul-A-shape: (MaybeDistr S P MC) true f g = refl
mul-A-shape: (MaybeDistr S P MC) false f g = refl
mul-A-shape: (MaybeDistr S P MC) true f g = refl
mul-A-shape: (MaybeDistr S P MC) false f g = refl
mul-A-pos: (MaybeDistr S P MC) true f g = refl

mul-A-pos: (MaybeDistr {e¢s} {¢p} S P MC) false f g i q ()
mul-A-posz1 (MaybeDistr S P MC) true f g = refl
mul-A-posz21 (MaybeDistr {¢s} {ep} S P MC) false f g iq ()
mul-A-posz22 (MaybeDistr S P MC) true f g = refl
mul-A-posz2 (MaybeDistr S P MC) false f g i q ()
mul-B-shape: (MaybeDistr S P MC) true f g = refl

mul-B-shape: (MaybeDistr S P MC) false f g i =[unit-r (isMndContainer MC) (MC .1) (~ i)

mul-B-shape: (MaybeDistr S P MC) true f g = reft
mul-B-shape: (MaybeDistr S P MC) false f g i = A _ - false
mul-B-pos: (MaybeDistr S P MC) true f g i q tti=rtt

mul-B-pos: (MaybeDistr S P MC) false f g i q ()

mul-B-posz21 (MaybeDistr S P MC) true f g i q tt =|(MC .pri) (f tt) (g tt) q
mul-B-posz1 (MaybeDistr S P MC) false f g i q ()
mul-B-posz22 (MaybeDistr S P MC) true f g i q tt =|(MC .prz2) (f tt) (g tt) q

mul-B-posz22 (MaybeDistr S P MC) false f g i q ()

module

(L&

Le =

lemT

lemT

al
ul a

uz2 :
u2 a

vl
vl a

V2 i
V2 a

WriterCReaderMDistrUnique {e&s ¢p :

Level} (A : Set ¢s) (B : Set ¢p)

MndDirectedDistributiveLaw €s ¢p A (const (T {¢p})) (T {es}) (const B) (WriterC A) (ReaderM B)) where
WriterCReaderMDistr A B
(a : A) (f : T {¢p} » T {es}) » f = const tt
a fip=T-singleton (f p) i
(@ :A) (f:T7{ep} -7 {es}) ~urLeaf=urLaf
f i = T-singleton (u» L a f) (~ 1)
(a2 Ay R {Ep} - T {es}) (b:B) ~u2Leafb=u2Lafhb
b 4 = hcomp ANj-A{(i=1i0) - a
; (1=11) uz2L a (lemr a f (~ j)) b }) (unit-1B-shapez L a (~ i) b)
(a:A) (f:T{ep} »71 {es}) (b : B) (x : T {ep}) » v1 Le {a} {f} b x = va L {a} {f} b x
fbtti=hcomp (Aj-A{(i=1i0) - tt
; (1=11) - va L {a} {lemr a f (~ j)} b tt }) (unit-1B-pos: L a (~ i) b tt)
(a : A) (f: 7T {ep} »>71{es}) (b :B) (x : T {ep}) » v2 Le {a} {f} b x = v2 L {a} {f} b x
fbtti=hcomp (Aj-A{(i=1i0) -b

i

i1) - v2 L {a} {lemT a f (~ j)} b tt }) (unit-1B-pos: L a (~ i) b tt)

Proof that the reader directed container over writer
monadic container mixed distributive law is unique.
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Cubical Agda formalisation

This characterisation is good for formalising distributive laws in Cubical Agda.

MaybeDistr : ¥ {es ¢p} (S : Set ¢s) (P : S - Set &p) (MC : MndContainer &s ¢p (S > P)) - module WriterCReaderMDistrUnique {¢s ¢p : Level} (A : Set es) (B : Set ¢&p)

MndDistributiveLaw ¢s ¢p 2 JustOrNothing S P MaybeM MC (L : MndDirectedDistributiveLaw ¢s ¢p A (const (T {e¢p})) (T {€s}) (const B) (WriterC A) (ReaderM B)) where
u1 (MaybeDistr S P MC) true f = f tt g .
u1 (MaybeDistr S P MC) false f = MC .1 Lo = WriterCReaderMDistr A B
uz (MaybeDistr S P MC) true f _ = true -
uz: (MaybeDistr S P MC) false f _ = false lemT : (a_: A) (f 1 T {ep} - T {e;}) - f = const tt
vi (MaybeDistr S P MC) {true} x = tt lemr a f i p = T-singleton (f p) i
v2 (MaybeDistr S P MC) {true} {f} px =p i i X _
unit-1B-shape: (MaybeDistr S P MC) true = refl ui y ;a.‘_Aih(fn'th{ﬁp% 5 I {zi%) (: 93 Leaf=uwlaf
unit-1B-shape: (MaybeDistr S P MC) false = refl utta L= sxngleto M 4 1
unit-1B-shape: (MaybeDistr S P MC) true = refl i 1 . o ! " =
unit-1B-shape: (MaybeDistr S P MC) false = refl 3§ i ;ab‘iAZ hcoﬁpT(ieg}» AT{{ei?L &%)'<?L i Lol F b=z il el
unit-1B-pos: (MaybeDistr S P MC) true i q tt = tt B A i o —— _—
unit-1B-pos: (MaybeDistr S P MC) true i q tt = q ; (1=1i1) »uz L a (lemraf (~j)) b}) (unit-1B-shapez L a (~ i) b)
unit-1A-shape: (MaybeDistr S P MC) _ = refl Qs : A f T {8 o e b:B s T {8 & 13 f} b = 1 f} b
unit-tA-shape: (MaybeDistr S P MC) _ = refl zl A #ab‘tt)i(= Hcomé q% s § i}ki(= i@))q(it- {ep}) - vi Lo {a} {f} b x = va L {a} {f} b x
unit-1A-pos. (MaybeDistr S P MC) s i q tt = tt ; (1=11) - vi L {a} {lemT a f (~ j)} b tt }) (unit-1B-posi L a (~ i) b tt)
unit-1A-pos: (MaybeDistr S P MC) s i q tt = ¢
mul-A-shape: (MaybeDistr S P MC) true f g = refl v2 : (a: A) (f: T {ep} -~ T {es}) (b : B) (x : T {ep}) - vz Lo {a} {f} b x = v2 L {a} {f} b x
mul-A-shape: (MaybeD;str S P MC) false f g; = refl v2 afb tti= hcomp ?A joA{(i=1i0) - b P ’
mul-A-shape: (MaybeDistr S P MC) true f g = refl ; (1=11) »v2 L {a} {lemT a f (~ j)} b tt }) (unit-1B-pos: L a (~ i) b tt)
mul-A-shapez (MaybeDistr S P MC) false f g = refl
mul-A-pos: (MaybeDistr S P MC) true f g = refl

mul-A-pos: (MaybeDistr {e¢s} {¢p} S P MC) false f g i q ()
mul-A-posz1 (MaybeDistr S P MC) true f g = refl
mul-A-posz21 (MaybeDistr {¢s} {ep} S P MC) false f g iq ()
mul-A-posz22 (MaybeDistr S P MC) true f g = refl
mul-A-posz2 (MaybeDistr S P MC) false f g i q ()
mul-B-shape: (MaybeDistr S P MC) true f g = refl

Proof that the reader directed container over writer
monadic container mixed distributive law is unique.

mul-B-

shape: (MaybeDistr S P MC) false f g i =[unit-r (isMndContainer MC) (MC .1) (~ i)l

mul-B-shape: (MaybeDistr S P MC) true f g = reft
mul-B-shape: (MaybeDistr S P MC) false f g i = A _ - false
mul-B-pos: (MaybeDistr S P MC) true f g i q tti=rtt

mul-B-pos: (MaybeDistr S P MC) false f g i q ()

mul-B-posz21 (MaybeDistr S P MC) true f g i q tt =|(MC .pr1)

(F tL)

All other equalities hold

(g tt) q

mul-B-posz1 (MaybeDistr S P MC) false f g i q ()
mul-B-posz2 (MaybeDistr S P MC) true f g i q tt =

(MC .pr2)

(f tr)

trivially!

(g tt) q

mul-B-posz22 (MaybeDistr S P MC) false f g i q ()
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Summary

Our contributions:

- Characterisation of monadic container
distributive laws

- Characterisation of mixed container distributive
laws (monadic-directed and directed-monadic)

- Uniqueness proofs for various (simple) monadic
and mixed container distributive laws

- Ano-go theorem for monadic container
distributive laws [Zwart and Marsden 2018]

- Formalisation in Cubical Agda of the
characterisation and proofs of uniqueness

Link to our paper E
www.arxiv.org/abs/2503.17191 [

Future work:

-  Extend distributive laws between cartesian
monadic containers (type universes) to those
with codes for dependent products

- Explore further no-go theorems

- Extend all characterisations to groupoid and
categorical containers [Gylterud 2011]

Thank you!



