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S`Q;`�KKBM; rBi? JQMbi2`b
*?`BbiQT?2` Sm`/v �M/ o2M�MxBQ *�T`2ii�

J�v N- kykR

�#bi`�+i
� KQM�/B+ bi`2�K Bb � TQi2MiB�HHv BM}MBi2 b2[m2M+2 Q7 p�Hm2b BM r?B+?

� KQM�/B+ �+iBQM Bb i`B;;2`2/ �i 2�+? bi2T #27Q`2 i?2 ;2M2`�iBQM Q7 i?2
M2ti 2H2K2MiX JQM�/B+ �+iBQMb �`2 � rB/2 +H�bb Q7 bB/2 2z2+ib- KQ/2b Q7
2t2+miBQM- 2p�Hm�iBQM T�`�/B;Kbc i?2v �`2 `2�HBb2/ �b 7mM+iBQM�H +QMi�BM@
2`b BMbB/2 r?B+? i?2 mM7QH/BM; Q7 i?2 bi`2�K i�F2b TH�+2X 1t�KTH2b Q7
KQM�/B+ �+iBQMb �`2, 2t2+miBM; bQK2 BMTmifQmiTmi BMi2`�+iBQMb- +HQMBM;
i?2 T`Q+2bb BMiQ b2p2`�H T�`�HH2H +QKTmi�iBQMb- 2t2+miBM; i`�Mb7Q`K�iBQMb
QM �M mM/2`HvBM; bi�i2- i2`KBM�iBM; i?2 b2[m2M+2X

q2 /2p2HQT � HB#`�`v Q7 /2}MBiBQMb �M/ mMBp2`b�H +QK#BM�iQ`b iQ T`Q@
;`�K rBi? KQM�/B+ bi`2�Kb �M/ r2 T`Qp2 b2p2`�H K�i?2K�iB+�H `2bmHib
�#Qmi i?2B` #2?�pBQm`X

q2 /2}M2 i?2 ivT2 Q7 JQM�/B+ ai`2�Kb UMonStrV- /2T2M/2Mi QM irQ
�`;mK2Mib, i?2 mM/2`HvBM; KQM�/ Ui?2 FBM/ Q7 TQbbB#H2 �+iBQMbV �M/ i?2
ivT2 Q7 2H2K2Mib Q7 i?2 b2[m2M+2X q2 mb2 i?2 7QHHQrBM; i2`KBMQHQ;v, �
KQM�/B+ bi`2�K rBi? mM/2`HvBM; KQM�/ M Bb +�HH2/ �M M @KQMbi2`X h?2
/2}MBiBQM Bib2H7 /Q2bMǶi /2T2M/ QM i?2 7�+i i?�i i?2 mM/2`HvBM; QT2`�iQ`
Bb � KQM�/X q2 /2}M2 Bi ;2M2`�HHv, bQK2 Q7 i?2 QT2`�iQ`b +�M #2 /2}M2/
rBi?Qmi �Mv �bbmKTiBQMb- bQK2 Qi?2`b QMHv M22/ i?2 QT2`�iQ` iQ #2 �
6mM+iQ` Q` �TTHB+�iBp2 6mM+iQ`X � /Bz2`2Mi b2i Q7 BKTQ`i�Mi +QK#BM�iQ`b
�M/ i?2Q`2iB+�H `2bmHib 7QHHQr 7`QK i?2 �bbmKTiBQM i?�i i?2 QT2`�iQ` Bb �
*QKQM�/ `�i?2` i?�M � JQM�/X

q2 BMbi�MiB�i2 i?2 �#bi`�+i MonStr ivT2 rBi? b2p2`�H +QKKQM KQM@
�/b UMaybe- List- Reader- State- IOV �M/ b?Qr i?�i r2 Q#i�BM r2HH@FMQrM
/�i� bi`m+im`2bX Maybe@KQMbi2`b �`2 H�xv HBbib- List@KQMbi2`b �`2 MQM@
r2HH@7QmM/2/ }MBi2Hv #`�M+?BM; i`22b- Reader@KQMbi2`b �`2 }MBi2 bi�i2 K�@
+?BM2b- IO@KQMbi2`b �`2 BMi2`�+iBp2 T`Q+2bb2bX q2 T`Qp2 2[mBp�H2M+2b #2@
ir22M i?2 i`�/BiBQM�H /�i� ivT2b �M/ i?2B` MonStr p2`bBQMb, i?2 MonStr
+QK#BM�iQ`b BMbi�MiB�i2 iQ i`�/BiBQM�H QT2`�iBQMbX

lM/2` bQK2 �bbmKTiBQMb QM i?2 mM/2`HvBM; 7mM+iQ`fKQM�/- r2 #2;BM
iQ T`Qp2 i?�i i?2 MonStr ivT2 Bb �HbQ � 6mM+iQ`- �M �TTHB+�iBp2- � JQM�/-
Q` � *QKQM�/- ;BpBM; mb �++2bb iQ i?2 bT2+B�H K2i?Q/b �M/ MQi�iBQMb Q7
i?Qb2 ivT2 +H�bb2bX

R



R AMi`Q/m+iBQM
JQM�/B+ bi`2�Kb �`2 BMi2`2biBM; �M/ TQr2`7mH r�vb Q7 T`Q;`�KKBM; +QKTmi�@
iBQM�H T`Q+2bb2b i?�i ;2M2`�i2 2z2+ibX

h?2v 2M+�TbmH�i2 i?2 MQiBQM Q7 UTQi2MiB�HHv BM}MBi2V bi`2�Kb Q7 p�Hm2b- r?2`2
i`�p2`bBM; � bi`2�K 7`QK QM2 2H2K2Mi iQ i?2 M2ti +�M i`B;;2`- 7Q` 2t�KTH2- i?2
bTHBiiBM; Q7 i?2 T`Q+2bb BMiQ b2p2`�H bi`2�Kb Q` i?2 i2`KBM�iBQM Q7 i?2 bi`2�KX

h`�p2`bBM; i?2 bi`2�K +QmH/ �HbQ `2[mB`2 2ti`� BMTmib- Q` +�mb2 AfP 2p2Mib-
bm+? �b T`BMiBM; iQ i?2 b+`22M Q` �bFBM; 7Q` mb2` BMi2`�+iBQMX h?2b2 2ti`� +QK@
Tmi�iBQMb- �KQM; Qi?2`b- +QK2 mM/2` i?2 mK#`2HH� i2`K +QKTmi�iBQM�H 2z2+ib
Q` bBKTHv 2z2+ibX

q2 rBHH �HbQ +�HH i?2b2 2z2+ib KQM�/B+ �+iBQMb Q` Dmbi �+iBQMb- `272``BM; iQ
KQM�/bc i?2b2- BM 7mM+iBQM�H T`Q;`�KKBM;- �`2 ivT2 +QMbi`m+iQ`b r?Qb2 2H2@
K2Mib 2M+�TbmH�i2 i?2 +QM+2Ti Q7 2z2+i7mH +QKTmi�iBQMbX

hQ mM/2`bi�M/ KQM�/B+ bi`2�Kb- r2 Kmbi }`bi HQQF �i Tm`2 bi`2�KbX
� Tm`2 bi`2�K Bb �M BM}MBi2 b2[m2M+2 Q7 p�Hm2b- 7Q` 2t�KTH2 UmbBM; i?2 >�bF2HH

MQi�iBQM i?�i r2 rBHH BMi`Q/m+2 H�i2`V- i?2 bi`2�K Q7 �HH M�im`�H MmK#2`b,
M�ib = y <, R <, k <, j <, 9 <, XXX

h?2 ivT2 Q7 Tm`2 bi`2�Kb rBi? 2H2K2Mib Q7 ivT2 � Bb /2MQi2/ #v ai`2�K �X h?2
+QMb QT2`�iBQM UI,V Bb mb2/ iQ �TT2M/ �M 2H2K2Mi BM 7`QMi Q7 �M 2tBbiBM; bi`2�KX
ai`2�Kb �`2 BM}MBi2- bQ r2 Kmbi mb2 `2+m`bBQM iQ /2}M2 i?2KX

6Q` 2t�KTH2- i?2 +QMbi�Mi bi`2�K Q7 QM2b Bb /2}M2/ �b
QM2b = R <, QM2b

h?2 HBbi Q7 M�im`�H MmK#2`b +�M #2 /2}M2/ �b
M�ib = 7`QKL�i y

r?2`2 7`QKL�i M = M <, 7`QKL�i UM+RV

h?Bb FBM/ Q7 b2H7@`272`2MiB�H /2}MBiBQM Bb +�HH2/ +Q`2+m`bBQMX Ai /Bz2`2MiB�i2b
7`QK i?2 bi�M/�`/ BM/m+iBp2 `2+m`bBQM BM i?`22 r�vb, }`bi- i?2 `2+m`bBp2 +�HHb
�`2 MQi `2[mB`2/ i?2 #2 �TTHB2/ iQ � bK�HH2` �`;mK2Mi UBM i?2 2t�KTH2 r2 �TTHv
7`QKL�i iQ n+1- r?B+? Bb H�`;2` i?�M nVc b2+QM/- i?2`2 Bb MQ M22/ 7Q` � #�b2 +�b2
r?2`2 i?2 `2+m`bBQM rBHH i2`KBM�i2c i?B`/- i?2 `2+m`bBp2 +�HHb Kmbi #2 ;m�`/2/-
i?�i Bb- r2 Kmbi 2Mbm`2 i?�i �i H2�bi T�`i Q7 i?2 `2bmHi Bb T`Q/m+2/ #27Q`2 i?2
`2+m`bBp2 +�HH U?2`2 M <, VX

6Q` i?Bb iQ rQ`F BM T`�+iB+2- +Q`2+m`bBp2 bi`m+im`2b UHBF2 Qm` bi`2�K Q7 M�i@
m`�H MmK#2`b �#Qp2V Kmbi #2 2p�Hm�i2/ H�xBHv- K2�MBM; ǵQMHv �b M22/2/ǶX h?2
T`Q;`�K rBHH MQi i`v iQ ;2M2`�i2 i?2 r?QH2 bi`2�K- #mi rBHH QMHv T`Q/m+2 QM2
2H2K2Mi �i � iBK2 r?2M `2[mB`2/X h?2 H�xv 2p�Hm�iBQM bi`�i2;v �HHQrb /2}MBiBQMb
HBF2 i?Bb BM >�bF2HH �M/ Qi?2` bBKBH�` T`Q;`�KKBM; H�M;m�;2bX

� KQM�/B+ bi`2�K Bb � b2[m2M+2 Q7 p�Hm2b BM r?B+? 2p2`v +QMbi`m+iQ` UI,V
Bb 2M+HQb2/ BM � KQM�/B+ �+iBQM, iQ Q#i�BM i?2 ?2�/ U}`bi 2H2K2MiV �M/ i�BH

k



U+QMiBMm�iBQMV Q7 i?2 bi`2�K- r2 Kmbi 2t2+mi2 i?2 KQM�/B+ �+iBQMX
h?2B` ivT2 +QMbi`m+iQ` Bb +�HH2/ JQMai`- bQ r2 +�HH i?2K KQMbi2`b 7Q` b?Q`iX

6Q` 2t�KTH2 �Maybe@KQMbi2` Bb � b2[m2M+2 Q7 2H2K2Mib i?�i Bb 2Bi?2` MQi?BM;
UK2�MBM; i?2 b2[m2M+2 Bb }MBb?2/V Q` bQK2 ?2�/ 2H2K2Mi 7QHHQr2/ #v � i�BHX h?Bb
�HHQrb mb iQ /2}M2 #Qi? }MBi2 �M/ BM}MBi2 b2[m2M+2bX h?2 /2}MBiBQMb Q7 QM2b
�M/ M�ib �`2 biBHH p�HB/ Maybe@KQMbi2`bX AM �//BiBQM- r2 +�M MQr /2}M2 }MBi2
b2[m2M+2b,

R <, k <, j <, 2KTiv

r?2`2 2KTiv Bb i?2 Maybe@KQMbi2` ;Bp2M #v i?2 ǵMQi?BM;Ƕ �+iBQMX
�MQi?2` 2t�KTH2 Bb List@KQMbi2`b- r?2`2 i?2 2z2+i Bb iQ T`Q/m+2 � HBbi Q7

p�Hm2b- r?B+? +�M #2 i?Qm;?i Q7 �b � MQM@/2i2`KBMBbiB+ +QKTmi�iBQMX �M 2H2K2Mi
+QMbBbib Q7 � HBbi Q7 ?2�/b �M/ i�BHb, i?2`2 K�v #2 K�Mv Ux2`Q Q` KQ`2V #`�M+?2b-
2�+? rBi? Bib QrM ?2�/ �M/ i�BHX GBbi@KQMbi2`b �`2 �+im�HHv �`#Bi`�`BHv #`�M+?BM;
i`22b- rBi? H�#2Hb U2H2K2MibV QM i?2 #`�M+?2b BMbi2�/ Q7 i?2 MQ/2b,
MQ/2 ( 8 <, H2�7

- N <, MQ/2 ( R <, H2�7
)

- k <, MQ/2 ( 9 <, MQ/2 ( j <, H2�7
- e <, H2�7
)

- d <, H2�7
)

)

H2�7 Bb � i`22 rBi? MQ #`�M+?2b UH2�7 4 MQ/2 ()VX h?Bb 2t�KTH2 Bb i?2 List@
KQMbi2` i?�i +Q``2bTQM/b iQ i?2 i`22 #2HQrX 1�+? #`�M+? ?�b Bib QrM i�BH- Q`
+QHH2+iBQM Q7 bm#i`22b BM i?Bb +�b2X

MQ/2

MQ/2
H2�77

MQ/2
H2�76

H2�73

4

2

MQ/2 H2�719

H2�7
5

h?Bb Bb � }MBi2 i`22- #mi i?2 i`22b �`2 �HHQr2/ iQ #2 BM}MBi2- BM #Qi? i?2
rB/i? Q7 i?2 i`22 Ui?2 MmK#2` Q7 #`�M+?2b �i QM2 H2p2HV- �M/ i?2 /2Ti? Q7 i?2
i`22 Ui?2 H2M;i? Q7 i?2 HQM;2bi T�i? 7`QK i?2 `QQi iQ � H2�7VX

AM i?2b2 irQ 2t�KTH2b- r2 ?�p2 mb2/ i?2 Maybe �M/ List KQM�/b iQ +QMbi`m+i
KQMbi2`bX h?2 Maybe KQM�/ ;Bp2b i?2 2z2+i Q7 � +QKTmi�iBQM i?�i KB;?i

j



`2im`M Nothingc BM i?2 +�b2 Q7 � Maybe@KQMbi2`- `2im`MBM; Nothing i2`KBM�i2b
i?2 bi`2�KX h?2 ListKQM�/ 2K#Q/B2b +QKTmi�iBQMb i?�i +�M `2im`M �Mv MmK#2`
Q7 p�Hm2bc BM i?2 +�b2 Q7 List@KQMbi2`b i?Bb ;Bp2b mb Qm` �`#Bi`�`v MmK#2` Q7
#`�M+?2b �i 2�+? H2p2HX

PM2 BKTQ`i�Mi 72�im`2 Q7 KQM�/b Bb i?�i +QMb2+miBp2 2z2+ib +�M #2 ǵ~�i@
i2M2/Ƕ- ǵDQBM2/Ƕ Q` ǵb2[m2M+2/Ƕ BMiQ � bBM;H2 QM2, � HBbi Q7 HBbib +�M #2 +QM+�i2M�i2/
BMiQ � bBM;H2 HBbiX

aQK2 Qi?2` ivT2b Q7 KQMbi2`b BM+Hm/2 IO@KQMbi2`b- r?B+? `2T`2b2Mi BMi2`�+@
iBp2 T`Q+2bb2b- �M/ Reader@KQMbi2`b r?B+? `2T`2b2Mi }MBi2 bi�i2 �miQK�i�X �HH
Q7 i?2b2 p�`B�iBQMb Q7 KQM�/B+ bi`2�K r2 ?�p2 BMi`Q/m+2/ �`2 2tTH�BM2/ �M/
2tT�M/2/ QM BM b2+iBQM 9X

�HH Q7 Qm` 2t�KTH2b rBHH #2 r`Bii2M BM >�bF2HH- �M/ bQK2iBK2b Tb2m/Q@>�bF2HHX
AM b2+iBQM e- r?2`2 r2 T`Qp2 p�`BQmb T`QT2`iB2b Q7 KQMbi2`b- r2 rBHH mb2 >�bF2HH
7Q` 2[m�iBQM�H `2�bQMBM;- �HQM;bB/2 KQ`2 ivT2 i?2Q`2iB+ MQi�iBQM 7Q` i?2 b�K2
Tm`TQb2X h?2b2 irQ MQi�iBQMb �`2 BMi2`rQp2M i?`Qm;?Qmi i?2 �`iB+H2- #mi i?2
/BbiBM+iBQM #2ir22M i?2K b?QmH/ #2 +H2�`, �HH >�bF2HH +Q/2 Bb bm``QmM/2/ rBi?
� #H�+F #QmM/BM; #Qt- �M/ /BbTH�v2/ BM KQMQbT�+2 7QMiX

h?2 T`BK�`v Tm`TQb2 Q7 i?Bb T�T2` Bb iQ KQiBp�i2 i?2 HB#`�`v r2 ?�p2 /2@
p2HQT2/, �M 2ti2MbBp2 b2i Q7 +QK#BM�iQ`b �M/ QT2`�iBQMb QM KQM�/B+ bi`2�Kb-
�HQM; rBi? bQK2 +QM+`2i2 2t�KTH2b- r`Bii2M BM >�bF2HHX h?Bb HB#`�`v Bb 2MpBb@
�;2/ �b KQiBp�iBQM 7Q` i?2 TQi2MiB�H Q7 KQM�/B+ bi`2�Kb �b � ;2M2`�H KQ/2H Q7
BMi2MbBQM�H 2z2+i7mH +QKTmi�iBQMbX

h?Bb T�T2` �+ib �b � }`bi /`�7i iQ irQ b2T�`�i2 T�T2`b i?�i r2 �`2 HQQFBM;
iQ Tm#HBb?, QM2 �//`2bbBM; i?2 K�i?2K�iB+�H T`QT2`iB2b Q7 KQM�/B+ bi`2�Kb-
�M/ �MQi?2` QM ?Qr KQMbi2`b +�M #2 mb2/ BM T`�+iB+2- miBHBbBM; Qm` >�bF2HH
HB#`�`vX PM+2 }M�HBb2/ �M/ T`QT2`Hv /Q+mK2Mi2/- i?2 HB#`�`v rBHH #2 `2H2�b2/ QM
>�+F�;2X

hQ #`B2~v 2tTH�BM i?2 H�vQmi, i?2 M2ti irQ b2+iBQMb T`2+Bb2Hv /2}M2 KQM�/B+
bi`2�Kb- �M/ i?2 +QBM/mM+iBQM T`BM+BTH2- i?2 K2�Mb #v r?B+? r2 +�M T`Qp2
T`QT2`iB2b Q7 KQM�/B+ bi`2�Kb U�M/- KQ`2 ;2M2`�HHv- +Q`2+m`bBp2 bi`m+im`2bVX

a2+iBQM 9 �M/ 8 7Q+mb QM /2p2HQTBM; +QM+`2i2 2t�KTH2b- �M/ ?Qr bT2+B}+
7mM+iBQMb 7`QK Qm` HB#`�`v bT2+B�HBb2 BM i?2 /Bz2`2Mi +QMi2tib T`2b2Mi2/ #v p�`@
BQmb FBM/b Q7 KQMbi2`bX

AM b2+iBQM e r2 #2;BM iQ T`Qp2 +�i2;Q`B+�H T`QT2`iB2b Q7 KQM�/B+ bi`2�KbX
AM i?2 }M�H irQ b2+iBQMb r2 i�HF �#Qmi `2H�i2/ rQ`F- bT2+B}+�HHv BM 6mM+iBQM�H

_2�+iBp2 S`Q;`�KKBM; U6_SV- �M/ +QM+Hm/2 rBi? QT2M T`Q#H2Kb �M/ ;2M2`�H
`2~2+iBQMbX

9



k JQM�/B+ ai`2�Kb
� KQM�/B+ bi`2�K Bb � b2[m2M+2 Q7 p�Hm2b BM r?B+? 2p2`v bm#b2[m2Mi 2H2K2Mi Bb
Q#i�BM2/ #v i`B;;2`BM; � KQM�/B+ �+iBQMX A7 σ Bb bm+? � bi`2�K- Bi rBHH +QMbBbi Q7
�M �+iBQM 7Q` � +2`i�BM KQM�/ M i?�i- r?2M 2t2+mi2/- rBHH `2im`M � ?2�/ U}`bi
2H2K2MiV �M/ � i�BH U+QMiBMm�iBQM Q7 i?2 bi`2�KVX h?Bb T`Q+2bb +�M #2 +QMiBMm2/
BM � MQM@r2HH@7QmM/2/ r�v, bi`2�Kb +QMbiBimi2 � +QBM/m+iBp2 ivT2X

6Q`K�HHv i?2 ivT2 Q7 bi`2�Kb Qp2` � KQM�/ M UH2iǶb +�HH i?2K M @KQMbi2`bV
rBi? 2H2K2Mib Q7 ivT2 A Bb /2}M2/ �b,

codata SM,A : Set
mconsM : M (A× SM,A) → SM,A

*�i2;Q`B+�HHv- r2 +�M b22 i?Bb ivT2 �b i?2 }M�H +Q�H;2#`� Q7 i?2 7mM+iQ` FM X =
M (A × X)X q2 ;Bp2 /2}MBiBQMb Q7 U}M�HV +Q�H;2#`�b �M/ � bmKK�`v Q7 i?2B`
T`QT2`iB2b #2HQrX h?2 }M�H +Q�H;2#`� /Q2b MQi M2+2bb�`BHv 2tBbi 7Q` 2p2`v M -
#mi Bi /Q2b 7Q` KQbi Q7 i?2 +QKKQMHv mb2/ KQM�/bc r2 /Bb+mbb i?Bb Bbbm2 #2HQrX

h?2 KQM�/B+ bi`2�Kb /2}MBiBQM Bb � ivT2 QT2`�iQ` i?�i K�Tb � ivT2 A iQ
i?2 ivT2 Q7 M @KQMbi2`b rBi? 2H2K2Mib Q7 ivT2 Ac r2 K�v BM/B+�i2 i?2 QT2`�iQ`
#v SM �M/ i?2 ivT2 #v i?2 bHB;?iHv /Bz2`2Mi MQi�iBQM (SM A)X h?Bb MQi�iBQM
rBHH #2 mb27mH r?2M r2 T`Qp2 T`QT2`iB2b Q7 i?2 QT2`�iQ`- 7Q` 2t�KTH2 i?�i Bi Bb �
7mM+iQ`- �TTHB+�iBp2 7mM+iQ`- KQM�/- Q` +QKQM�/- r?B+? r2 /Q BM a2+iBQM eX

AMbi�MiB�iBM; M rBi? bQK2 Q7 i?2 KQbi r2HH@FMQrM KQM�/b H2�/b iQ p2`bBQMb
Q7 FMQrM /�i� ivT2b Q` iQ BMi2`2biBM; M2r +QMbi`m+ibX

A7 r2 BMbi�MiB�i2 M rBi? i?2 B/2MiBiv KQM�/- r2 Q#i�BM i?2 ivT2 Q7 Tm`2
bi`2�KbX Aib mbm�H /2}MBiBQM Bb i?2 7QHHQrBM;,

codata SA : Set
(▹) : N → SN → SN.

Uh?2 ivT2 Q7 i?2 +QMbi`m+iQ` ?�b #22M +m``B2/- �b Bb +QKKQMXV �M 2H2K2Mi Q7
SA Bb �M BM}MBi2 b2[m2M+2 Q7 2H2K2Mib Q7 A, a0 ▹ a1 ▹ a2 ▹ · · · X

A7 r2 BMbi�MiB�i2 M rBi? i?2 Maybe KQM�/ r2 Q#i�BM i?2 ivT2 SMaybe,A-
2[mBp�H2Mi iQ i?2 ivT2 Q7 H�xv HBbib List(A)X h?2 Maybe KQM�/ Bb � 7mM+iQ` i?�i
�//b �M 2ti`� 2H2K2Mi iQ i?2 �`;mK2Mi ivT2, MaybeX +QMi�BMb +QTB2b Q7 2�+?
2H2K2Mi x : X- /2MQi2/ #v Justx- THmb � 2KTiv 2H2K2Mi NothingX aQ MaybeX ∼=
X + 1X h?2 bBM;H2 +QMbi`m+iQ` mconsMaybe : Maybe (A× SMaybe,A) → SMaybe,A Bb
2[mBp�H2Mi iQ irQ +QMbi`m+iQ`b U7Q` Nothing �M/ JustV,

codata List(A) : Set
(▹) : A× List(A) → List(A)
nil : List(A).

h?Bb K2�Mb i?�i �M 2H2K2Mi Q7 List(A) Bb 2Bi?2` �M 2KTiv b2[m2M+2 nil Q` � MQM@
2KTiv b2[m2M+2 a ▹ σ r?2`2 a : A �M/ σ Bb `2+m`bBp2Hv �M 2H2K2Mi Q7 List(A)X
aBM+2 i?Bb Bb � +QBM/m+iBp2 ivT2- i?2 +QMbi`m+iQ` (▹) +�M #2 �TTHB2/ �M BM}MBi2
MmK#2` Q7 iBK2bX h?2`27Q`2 List(A) Bb i?2 ivT2 Q7 }MBi2 �M/ BM}MBi2 b2[m2M+2bX
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�MQi?2` 2t�KTH2 Bb r?2M i?2 mM/2`HvBM; KQM�/ Bb M = List Bib2H7X AM i?Bb
+�b2 2�+? 2Mi`v BM i?2 bi`2�K Bb � HBbi Q7 T�B`b Q7 ?2�/b �M/ i�BHbX h?Bb Bb
2[mBp�H2Mi i`22b Q7 �`#Bi`�`v #`�M+?BM; /2;`22b U}MBi2Hv #`�M+?BM; B7 r2 mb2 QMHv
}MBi2 HBbib- #mi �HbQ +QmMi�#Hv BM}MBi2 #`�M+?2b B7 r2 mb2 H�xv HBbibVX aBM+2 i?2
ivT2 Bb +QBM/m+iBp2- i?2 i`22b +�M #2 MQM@r2HH@7QmM/2/- i?�i Bb- i?2v K�v #2
BM}MBi2Hv /22TX

Ai Bb BKTQ`i�Mi iQ K�F2 irQ Q#b2`p�iBQMb �#Qmi M X
6B`bi- M /Q2b MQi M22/ iQ #2 � KQM�/ 7Q` i?2 /2}MBiBQM iQ K�F2 b2Mb2X AM

7�+i r2 rBHH Q#i�BM b2p2`�H BMi2`2biBM; `2bmHib r?2MM b�iBb}2b r2�F2` +QM/BiBQMb-
7Q` 2t�KTH2 #2BM; Dmbi � 7mM+iQ`X aQ r2 rBHH i�F2 M iQ #2 �Mv ivT2 QT2`�iQ`
U#mi b22 b2+QM/ Q#b2`p�iBQMV �M/ r2 rBHH 2tTHB+BiHv bi�i2 r?�i T`QT2`iB2b r2
�bbmK2 �#Qmi BiX h?2 KQbi BKTQ`i�Mi BMbi�M+2b �`2 KQM�/b �M/ Bi Bb +QMp2MB2Mi
iQ mb2 i?2 7�+BHBiB2b Q7 KQM�/B+ MQi�iBQM BM T`Q;`�KKBM; �M/ KQM�/ i?2Q`v BM
`2�bQMBM;X

h?2 b2+QM/ Q#b2`p�iBQM Bb i?�i Bi Bb MQi ;m�`�Mi22/ BM ;2M2`�H i?�i i?2
codata ivT2 Bb r2HH@/2}M2/X >�bF2HH rBHH �++2Ti i?2 /2}MBiBQM r?2M M Bb
�Mv QT2`�iQ`- #mi K�i?2K�iB+�HHv i?2 ivT2 Bb r2HH /2}M2/ QMHv r?2M FM X =
M (A×X) Bb � 7mM+iQ` rBi? � }M�H +Q�H;2#`�X

.2}MBiBQM RX 6Q` �Mv 7mM+iQ` F - � +Q�H;2#`� 7Q` F Bb T�B` ⟨A,α⟩ +QMbBbiBM;
Q7 � ivT2 A �M/ � 7mM+iBQM α : A → FAX

q2 b�v i?�i ⟨A,α⟩ Bb � }M�H F @+Q�H;2#`� B7- 7Q` 2p2`v +Q�H;2#`� ⟨X, ξ : X →
FX⟩- i?2`2 Bb � mMB[m2 +Q�H;2#`� KQ`T?BbK #2ir22M i?2 i?2 irQ +Q�H;2#`�b,
anaξ : ⟨X, ξ⟩ → ⟨A,α⟩X am+? � KQ`T?BbK Bb � 7mM+iBQM #2ir22M i?2 ivT2b i?�i
+QKKmi2b rBi? i?2 +Q�H;2#`� 7mM+iBQMb,

A FA

X FX

α

ξ

anaξ F anaξ α ◦ anaξ = F anaξ ◦ ξ.

h?2 7mM+iBQM Bb +�HH2/ anaξ #2+�mb2 Bi Bb bQK2iBK2b +�HH2/ i?2 �M�KQ`T?BbK 7Q`
i?2 +Q�H;2#`� ξX

h?Bb /2}MBiBQM K2�Mb i?�i r2 +�M /2}M2 � 7mM+iBQM BMiQ � +QBM/m+iBp2 ivT2
#v ;BpBM; � +Q�H;2#`�X 6Q` 2t�KTH2- +QMbB/2` i?2 /�i� ivT2 Q7 � Tm`2 bi`2�K
Q7 M�im`�H MmK#2`b, h?2 ivT2 SA Bb i?2 }M�H +Q�H;2#`� Q7 i?2 7mM+iQ` F (X) =
A×XX

q2 +�M /2}M2 � 7mM+iBQM BMiQ SA #v /2}MBM; � +Q�H;2#`� QM i?2 /QK�BM
ivT2 A- r?B+? BM i?Bb +�b2 Bb NX 6Q` 2t�KTH2- B7 r2 r�Mi iQ /2}M2 � 7mM+iBQM
i?�i K�Tb �Mv M�im`�H MmK#2` n iQ i?2 bi`2�K Q7 MmK#2`b bi�`iBM; 7`QK n-
n ▹ (n+ 1) ▹ (n+ 2) ▹ (n+ 3) ▹ · · · - r2 +�M /Q Bi #v mbBM; � +Q�H;2#`� QM N,

ξ : N → N× N
ξ n = ⟨n, n+ 1⟩

e



ULQi2 i?�i i?2 i�`;2i ivT2 Q7 i?2 +Q�H;2#`� Bb F (N) = N×N, h?2 }`bi N Bb i?2
T�`�K2i2` Q7 i?2 7mM+iQ`- r?BH2 i?2 b2+QM/ N Bb i?2 +�``B2` Q7 i?2 +Q�H;2#`�XV
h?2 �M�KQ`T?BbK fr = anaξ : N → SN K�Tb n iQ i?2 bi`2�K bi�`iBM; �i nX

AM T`�+iB+�H T`Q;`�KKBM;- r2 Q7i2M H2i i?2 +Q�H;2#`� ξ #2 BKTHB+Bi #v /B`2+iHv
/2}MBM; i?2 7mM+iBQM anaξ `2+m`bBp2HvX 6Q` 2t�KTH2- i?2 7mM+iBQM �#Qp2 +�M #2
/2}M2/ �b,

fr : N → SN
fr n = n ▹ fr (n+ 1)

>2`2 i?2 T`2b2M+2 Q7 i?2 T�`�K2i2` n �M/ i?2 �`;mK2Mi Q7 i?2 `2+m`bBp2 +�HH
n+1 BKTHB+BiHv ;Bp2 i?2 +Q�H;2#`� n '→ ⟨n, n+1⟩X h?Bb Bb � ;2M2`�H T`Q;`�KKBM;
T�ii2`M, r2 bT2+B7v � 7mM+iBQM #v 2[m�iBQMb i?�i /B`2+iHv ;Bp2 i?2 ?2�/ Q7 i?2
`2bmHiBM; bi`2�K- �M/ BM/B`2+iHv /2i2`KBM2 i?2 i�BH #v �TTHvBM; `2+m`bBp2Hv i?2
7mM+iBQM �i i?2 iQT Q7 i?2 b2+QM/ �`;mK2Mi Q7 i?2 +QMbi`m+iQ` ▹X q2 b�v i?�i i?2
`2+m`bBp2 +�HH Bb ;m�`/2/ #v i?2 +QMbi`m+iQ`X q?2M i?Bb ?�TT2Mb r2 +�M �Hr�vb
}M/ � +Q�H;2#`� i?�i DmbiB}2b i?2 /2}MBiBQMX

AM T`�+iB+�H T`Q;`�KKBM; r2 +�M mb2 � KQ`2 HB#2`�H K2i?Q/QHQ;v- +Q/BM;
T`Q;`�Kb #v 2[m�iBQMb i?�i �`2 MQi bi`B+iHv ;m�`/2/ #v +QMbi`m+iQ`b- #mi +�M
#2 `2/m+2/ iQ i?�i 7Q`K UQ` /B`2+iHv iQ +Q�H;2#`� 7Q`KV #v bQK2 bi�M/�`/ i`�Mb@
7Q`K�iBQMX 6Q` 2t�KTH2- � /Bz2`2Mi r�v Q7 /2}MBM; i?2 7mM+iBQM fr Bb,

fr′ : N → SN
fr′ n = n ▹ (fr′ n⊕ 1̄)

r?2`2 ⊕ Bb i?2 TQBMirBb2 �//BiBQM Q7 bi`2�Kb �M/ 1̄ Bb i?2 +QMbi�Mi bi`2�K Q7
QM2b,

(⊕) : SN → SN → SN
σ1 ⊕ σ2 = (headσ1 + headσ2) ▹ (tailσ1 ⊕ tailσ2)

·̄ : A → SA
x̄ = x ▹ x̄

LQiB+2 i?�i- r?BH2 i?2 /2}MBiBQMb Q7 ⊕ �M/ ·̄ �`2 +Q``2+iHv ;m�`/2/ #v +QMbi`m+@
iQ`b- i?2 /2}MBiBQM Q7 fr′ Bb MQi bi`B+iHv ;m�`/2/, i?2 `2+m`bBp2 +�HH /Q2bMǶi Q++m`
BKK2/B�i2Hv �i i?2 iQT Q7 i?2 b2+QM/ �`;mK2Mi Q7 i?2 +QMbi`m+iQ` ▹- #mi BMbi2�/
�b �M �`;mK2Mi Q7 i?2 ⊕ QT2`�iQ`X >Qr2p2`- Bi Bb `2H�iBp2Hv 2�bv iQ KQ/B7v i?2
/2}MBiBQM iQ K�F2 Bi +QKTHv rBi? i?2 bi`B+i ;m�`/2/M2bb +QM/BiBQM (j)X q2 rBHH
�HHQr Qm`b2Hp2b iQ mb2 i?Bb KQ`2 H�t /2}MBiBQM bivH2X

� +H�bb Q7 7mM+iQ`b 7Q` r?B+? i?2 2tBbi2M+2 Q7 � }M�H +Q�H;2#`� Bb ;m�`�Mi22/
Bb i?�i Q7 +QMi�BM2`b (R), i?2v �`2 � ;2M2`�HBx�iBQM Q7 i`22 +QMbi`m+iQ`b BM r?B+?
�Mv ivT2 +�M #2 mb2/ 7Q` #`�M+?BM;c i?Bb H2�/b iQ ;2M2`�HBx2/ ivT2b Q7 MQM@r2HH@
7QmM/2/ i`22bX

:m�`/2/M2bb #v +QMbi`m+iQ`b Bb +QKKQM ;QQ/ +`Bi2`BQM 7Q` i?2 �++2Ti�#BHBiv
Q7 `2+m`bBp2 /2}MBiBQMb rBi? � }M�H +Q�H;2#`� �b Bib +Q/QK�BM, Bi �++2Tib �Mv
`2+m`bBp2 2[m�iBQMb BM r?B+? i?2 `B;?i@?�M/ bB/2 Bb � i2`K rBi? � +QMbi`m+iQ` QM
iQT �M/ `2+m`bBp2 +�HHb Q++m``BM; QMHv �b /B`2+i �`;mK2Mib Q7 i?�i +QMbi`m+iQ`X

a22 T`2pBQmb bm`p2v rQ`F (j) 7Q` �M Qp2`pB2r Q7 i?2 i?2Q`v Q7 }M�H +Q�H;2#`�b-
+QBM/m+iBp2 ivT2b- �M/ +Q`2+m`bBp2 /2}MBiBQMbX

d



h?2 /2}MBiBQM Q7 SM,A Bb MQi K2�MBM;7mH 7Q` �HH Mb- #2+�mb2 i?2 }M�H +Q�H@
;2#`� K�v MQi 2tBbi Q` MQi #2 mMB[m2X � mb27mH `2bmHi Bb i?�i � 7mM+iQ` ?�b �
}M�H +Q�H;2#`� B7 Bi Bb � +QMi�BM2` (R)- �M/ FM Bb � +QMi�BM2` B7 M Bb (9)X h?Bb
Bb i?2 +�b2 7Q` �HH i?2 BMbi�M+2b i?�i r2 +QMbB/2` U#mi i?2`2 �`2 r2HH FMQrM
+QmMi2`2t�KTH2b- HBF2 i?2 TQr2`b2i 7mM+iQ` �M/ i?2 +QMiBMm�iBQM 7mM+iQ`VX

h?2 B/2� Q7 � +QMi�BM2` 7mM+iQ` F Bb i?�i- ;Bp2M � ivT2 X- i?2 2H2K2Mib
Q7 F X �`2 #mBHi #v +QMbi`m+iQ`b i?�i bT2+B7v � b?�T2 iQ;2i?2` rBi? TQbBiBQMb
BMbB/2 i?2 b?�T2 r?2`2 2H2K2Mib Q7 X +�M #2 BMb2`i2/X 6Q` 2t�KTH2- i?2 7mM+iQ`
Maybe ?�b irQ b?�T2b, Nothing- rBi? MQi TQbBiBQMb �i �HH- �M/ Just- rBi? � bBM;H2
TQbBiBQMX �MQi?2` 2t�KTH2 Bb i?2 List 7mM+iQ`, r2 +�M b22 Bi �b ?�pBM; �M BM}MBi2
MmK#2` Q7 b?�T2b, QM2 b?�T2 7Q` 2p2`v M�im`�H MmK#2` n- rBi? n TQbBiBQMb,

b?�T2 n, [ •, · · · , • ]
TQbBiBQMb, ↑ ↑

AM Qm` +�b2- B7 M Bb � +QMi�BM2`- i?2 7mM+iQ` FM Bb � +QMi�BM2` r?2`2 i?2
b?�T2b �`2 2ti2M/2/ rBi? �M 2H2K2Mi Q7 A T�B`2/ iQ 2p2`v TQbBiBQMbX 6Q` 2t�K@
TH2- B7 M Bb List- i?2 ;2M2`�H 7Q`K Q7 b?�T2b �M/ TQbBiBQMb Bb i?Bb,

b?�T2 n, [ ⟨a0, •⟩, · · · , ⟨an−1, •⟩ ]
TQbBiBQMb, ↑ ↑

h?2 +QBM/m+iBp2 ivT2b r2 mb2 �`2 �Hr�vb }M�H +Q�H;2#`�b Q7 +QMi�BM2`bX 6`QK
MQr QM r2 bBH2MiHv �bbmK2 i?�i M Bb � +QMi�BM2` �M/ i?�i i?2 }M�H +Q�H;2#`�
2tBbibX *Q}M�HBiv K2�Mb i?�i r2 +�M /2}M2 7mM+iBQMb BMiQ i?2 +Q�H;2#`� #v +Q`2@
+m`bBQM �M/ r2 +�M T`Qp2 T`QT2`iB2b Q7 Bib 2H2K2Mib #v +QBM/m+iBQMX h?Bb K2�Mb
i?�i r2 +�M /2}M2 � 7mM+iBQM #v 2[m�iBQMb i?�i `2+m`bBp2Hv �TTHv i?2 7mM+iBQM
Bib2H7 iQ i?2 2H2K2Mib BM i?2 TQbBiBQMb Q7 i?2 b?�T2b- �M/ r2 +�M T`Qp2 T`QT2`iB2b
Q7 2H2K2Mib #v BMpQFBM; i?2 bi�i2K2Mi r2 r�Mi iQ T`Qp2 QM i?2 2H2K2Mib BM i?2
TQbBiBQMbX

PM2 }M�H Q#b2`p�iBQM Bb �#Qmi i?2 /BbiBM+iBQM #2ir22M BM/m+iBp2 �M/ +QBM@
/m+iBp2 ivT2bX q2 ?�p2 /2}M2/ Tm`2 bi`2�Kb- H�xv HBbib- KQM�/B+ bi`2�Kb �b
+QBM/m+iBp2 ivT2b- mbBM; i?2 F2vrQ`/ codataX 1p2`v +QMi�BM2` 7mM+iQ` �HbQ ?�b
�M BM/m+iBp2 ivT2- /2}M2/ bBKBH�`Hv #mi rBi? i?2 F2vrQ`/ dataX 6Q` 2t�KTH2-
B7 r2 +?�M;2 i?2 F2vrQ`/ BM i?2 /2}MBiBQM Q7 H�xv HBbib- r2 Q#i�BM i?2 ivT2 Q7
}MBi2 HBbib,

data FList(A) : Set
(▹) : A× FList(A) → FList(A)
nil : FList(A).

h?Bb +?�M;2 `2[mB`2b 2p2`v 2H2K2Mi Q7 FList(A) iQ #2 r2HH@7QmM/2/- i?�i Bb- iQ
?Bi i?2 #�b2 +�b2 nil �7i2` � }MBi2 MmK#2` Q7 bi2TbX AM/m+iBp2 ivT2b �`2 Km+?
KQ`2 r2HH FMQrM i?�i i?2 +QBM/m+iBp2 QM2b- �M/ ?�p2 #22M � bi�TH2 Q7 +QKTmi2`
b+B2M+2 7Q` /2+�/2bX h?2 }2H/ Q7 +QBM/m+iBp2 ivT2b Bb BMbi2�/ Km+? vQmM;2` �M/
biBHH mM/2` /2p2HQTK2MiX

AM/m+iBp2 ivT2b +�M #2 +?�`�+i2`Bx2/ /m�HHv iQ +QBM/m+iBp2 QM2b �b BMBiB�H
�H;2#`�b Q7 7mM+iQ`bX h?2 T�ii2`M Q7 /2}MBiBQM Q7 7mM+iBQM QM i?2K Bb /Bz2`2Mi,
r2 mb2 i?2 +QKKQM BM/m+iBp2 `2+m`bBQM bivH2- `�i?2` i?�M ;m�`/2/M2bbX
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�M BM/m+iBp2 ivT2 Bb �Hr�vb � bm#b2i Q7 i?2 +QBM/m+iBp2 ivT2 7Q` i?2 b�K2
7mM+iQ` U}MBi2 HBbib �`2 +QMi�BM2/ BM H�xv HBbibV- #mi i?2 +QBM/m+iBp2 ivT2 +QMi�BMb
2ti`� BM}MBi2 2H2K2MibX

Ai Bb bi`B+iHv BM�/KBbbB#H2 iQ +QM7mb2 BM/m+iBp2 �M/ +QBM/m+iBp2 ivT2b, i?2v
?�p2 /Bz2`2Mi �M/ BM+QMbBbi2Mi r�vb Q7 /2}MBM; 7mM+iBQMb �M/ Q7 `2�bQMBM; �#Qmi
i?2K Ub22 i?2 M2ti b2+iBQM QM +QBM/m+iBQMVX >Qr2p2`- >�bF2HH /Q2bMǶi /BbiBM;mBb?
#2ir22M i?2 irQ, Bi ?�b MQ codata F2vrQ`/ �M/ i?2 /�i� /2}MBiBQMb /2}M2 ivT2b
rBi? TQi2MiB�HHv BM}MBi2 2H2K2MibX aQ /�i� BM >�bF2HH `2�HHv K2�Mb codataX >Qr@
2p2`- >�bF2HH �HHQrb mb iQ /2}M2 7mM+iBQMb QM i?Bb ivT2b #v BM/m+iBp2 `2+m`bBQM
UQ` #v mbBM; 7QH/bV- r?B+? rQmH/ bi`B+iHv #2 �HHQr2/ QMHv 7Q` r2HH@7QmM/2/ /�i�X

h?Bb HB#2`�HBiv rQ`Fb r2HH 7Q` T`Q;`�KKBM;- #mi K�v +`2�i2 BM+QMbBbi2M+B2b
r?2M r2 r�Mi iQ T`Qp2 T`QT2`iB2b Q7 Qm` T`Q;`�KbX JQMbi2`b �`2 /2}M2/ BM
>�bF2HH �b,
/�i� JQMai` K � = J*QMb UK U� - JQMai` K �VV

q2 rBHH i`2�i i?Bb �b � +QBM/m+iBp2 /2}MBiBQM �M/ QMHv /2}M2 7mM+iBQMb QM i?2K
mbBM; i?2 ;m�`/2/M2bb@#v@+QMbi`m+iQ`b T�`�/B;KX

j h?2 *QBM/m+iBQM S`BM+BTH2
AM/m+iBp2 ivT2b +QKTHv rBi? �M BM/m+iBQM T`BM+BTH2- r?B+? bi�i2b i?�i r2 +�M
T`Qp2 bi�i2K2Mib �#Qmi i?2K #v #QiiQK@mT `2+m`bBQM QM i?2B` bi`m+im`2X .m�HHv-
+QBM/m+iBp2 ivT2b +QKTHv rBi? � +QBM/m+iBQM T`BM+BTH2- r?B+? bi�i2b i?�i r2 +�M
T`Qp2 2[m�HBiB2b Q7 i?2B` 2H2K2Mib #v iQT@/QrM +Q@`2+m`bBQM QM i?2B` bi`m+im`2X

G2i mb BHHmbi`�i2 i?2 B/2� rBi? i?2 2t�KTH2 Q7 Tm`2 bi`2�Kb, amTTQb2 i?�i
r2 r�Mi iQ T`Qp2 i?�i irQ bi`2�Kb σ0 �M/ σ1 �`2 2[m�HX aBM+2 bi`2�Kb �`2
BM}MBi2 b2[m2M+2b Q7 2H2K2Mib- i?�i rBHH `2[mB`2 T`QpBM; 2[m�HBiv Q7 i?2B` 2Mi`B2b
BM +Q``2bTQM/BM; TQbBiBQMb, B7 σ0 = a0 ▹a1 ▹a2 ▹ · · · �M/ σ1 = b0 ▹ b1 ▹ b2 ▹ · · · - r2
Kmbi T`Qp2 a0 = b0- a1 = b1- a2 = b2- �M/ bQ QM Ur2 �bbmK2 2[m�HBiv QM bi`2�Kb
Bb 2ti2MbBQM�HVX h?Bb `2[mB`2b �M BM}MBi2 b2[m2M+2 Q7 2[m�HBiB2b iQ T`Qp2- �M/
+H2�`Hv r2 +�MMQi T`Q/m+2 �HH Q7 i?2b2 2tTHB+BiHvX >Qr2p2`- i?2 T`QQ7 Q7 2[m�HBiv
+�M #2 b22M Bib2H7 �b � bi`2�K Q7 T`QQ7b Q7 2[m�HBiB2b Q7 2�+? T�B` Q7 2H2K2Mib
BM i?2 b�K2 TQbBiBQMbX q2 +�M mb2 i?2 b�K2 T`BM+BTH2 Q7 ;m�`/2/ `2+m`bBQM iQ
;2M2`�i2 �HH i?2 T`QQ7b, r2 `2+m`bBp2Hv �bbmK2 i?�i r2 +�M T`Qp2 i?2 2[m�HBiv Q7
i?2 i�BH bi`2�Kb �M/ r2 QMHv M22/ iQ ;Bp2 2tTHB+BiHv i?2 2[m�HBiv Q7 i?2 ?2�/bX

JQ`2 bT2+B}+�HHv- r2 Q7i2M M22/ iQ T`Qp2 i?�i irQ 7mM+iBQMb T`Q/m+2 2[m�H
bi`2�KbX amTTQb2 f, g : X → SA �`2 i?2 irQ 7mM+iBQMb- �M/ i?2v �`2 #Qi?
/2}M2/ #v ;m�`/2/ `2+m`bBQM Ui?�i Bb- /2}M2/ #v +Q�H;2#`�bV,

f x = hf (x) ▹ f (tf (x)) g x = hg(x) ▹ f (tg(x))

aQ f Bb /2}M2/ #v i?2 +Q�H;2#`� ⟨hf , tf ⟩ : X → A ×X �M/ g Bb /2}M2/ #v i?2
+Q�H;2#`� ⟨hg, tg⟩ : X → A ×XX q2 r�Mi iQ T`Qp2 i?�i i?2 irQ 7mM+iBQMb �`2
2ti2MbBQM�HHv 2[m�Hc H2i mb ;Bp2 � M�K2 iQ i?2 T`QQ7 Q7 i?�i bi�i2K2Mi,

H : ∀x : X, f x = g x

N



hQ T`Qp2 i?Bb bi�i2K2Mi r2 +�M, }`bi- b?Qr /B`2+iHv i?�i i?2 ?2�/b Kmbi #2
2[m�H- ph : hf (x) = hg(x)c i?2M BMpQF2 i?2 +QBM/m+iBQM ?vTQi?2bBb H 7Q` i?2
i�BHbX >Qr2p2`- bBM+2 i?2 `2+m`bBp2 +�HHb �`2 �TTHB2/ iQ TQi2MiB�HHv /Bz2`2Mi
2H2K2Mib Q7 X Utf (x) �M/ tg(x)V- r2 +�MǶi �TTHv H /B`2+iHvX

q2 +�M ;2i �`QmM/ i?Bb T`Q#H2K #v ;2M2`�HBxBM; Qm` ;Q�H, BMbi2�/ Q7 T`QpBM;
i?�i i?2 7mM+iBQMb ;Bp2 i?2 b�K2 `2bmHi r?2M �TTHB2/ iQ i?2 b�K2 BMTmi- r2 �BK
7Q` i?2 bi`QM;2` bi�i2K2Mi i?�i i?2v ;Bp2 i?2 b�K2 `2bmHi r?2M �TTHB2/ iQ BMTmib
`2H�i2/ #v � +2`i�BM #BM�`v `2H�iBQM ∼,

H : ∀x y : X,x ∼ y → f x = g y.

A7 ∼ Bb `2~2tBp2- i?Bb rBHH BKTHv Qm` Q`B;BM�H ;Q�HX
hrQ Qi?2` T`QT2`iB2b �`2 M2+2bb�`v iQ K�F2 i?BM;b rQ`FX 6B`bi- r2 M22/ i?2

2[m�HBiv Q7 i?2 ?2�/b Q7 i?2 QmiTmi, B7 x ∼ y- i?2M hf (x) = hg(y)X a2+QM/- r2
M22/ i?�i ∼ Bb T`2b2p2/ mM/2` i�FBM; i?2 i�BH 7mM+iBQMb 7Q` f �M/ g, B7 x ∼ y- i?2M
tf (x) ∼ tg(y)c bQ i?�i r2 +�M MQr �TTHv H iQ Q#i�BM i?�i f(tf (x)) = g(tg(y))X

� `2H�iBQM ∼ b�iBb7vBM; i?2b2 irQ T`QT2`iB2b Bb +�HH2/ � #BbBKmH�iBQM #2ir22M
i?2 +Q�H;2#`�b ⟨hf , tf ⟩ �M/ ⟨hg, tg⟩X h?2 T`BM+BTH2 Q7 +QBM/m+iBQM bi�i2b i?�i
#BbBKBH�` 2H2K2Mib ;2M2`�i2 2[m�H bi`2�KbX

h?Bb MQiBQM +�M #2 ;2M2`�HBx2/ iQ +Q�H;2#`�b Q7 �Mv 7mM+iQ` F X hQ 7Q`KmH�i2
Bi r2 M22/ iQ /2}M2 i?2 HB7iBM; Q7 � `2H�iBQM #v i?2 7mM+iQ` F , B7 ∼ Bb � `2H�iBQM
QM � ivT2 X- r2 r�Mi iQ HB7i Bi iQ � `2H�iBQM F∼ QM F XX � bBKTH2 r�v iQ /Q Bi
Bb iQ �TTHv F iQ i?2 b2i@i?2Q`2iB+ +?�`�+i2`Bx�iBQM Q7 i?2 `2H�iBQM, i?2 b2i Q7 �HH
T�B`b i?�i b�iBb7v Bi- R = {⟨x, y⟩ | x ∼ y}X q2 +�M i?2M mb2 i?2 7mM+iQ`B�H HB7i Q7
i?2 T`QD2+iBQMb π0,π1 : R → X iQ b�v i?�i irQ 2H2K2Mib u,w : F X �`2 `2H�i2/-
u

F∼ w- B7 i?2`2 2tBbib �M 2H2K2Mi s : F R bm+? i?�i F π0 s = u �M/ F π1 s = wX
h?Bb +�M #2 7m`i?2` ;2M2`�HBx2/ #v �HHQrBM; R iQ #2 �Mv ivT2, � +QHH2+iBQM Q7
`2+2BTib i?�i +2`iB7v i?�i T�B`b Q7 2H2K2Mib �`2 `2H�i2/X AM +�i2;Q`v i?2Q`v- i?Bb
MQiBQM Bb +�HH2/ � bT�MX

.2}MBiBQM kX G2i A #2 � ivT2c � bT�M QM A Bb � i`BTH2 ⟨R, r1, r2⟩ r?2`2 R Bb �
ivT2 �M/ r1, r2 �`2 7mM+iBQMb R → AX A7 F Bb � 7mM+iQ`- i?2 HB7iBM; Q7 i?2 bT�M
R #v F Bb i?2 bT�M ⟨F R,F r1, F r2⟩ QM F AX

.2}MBiBQM jX G2i ⟨A,α⟩ #2 � +Q�H;2#`�X � bT�M ⟨R, r1, r2⟩ Bb � #BbBKmH�iBQM
B7 i?2`2 2tBbib � KQ`T?BbK ρ : R → FR bm+? i?�i #Qi? r1 �M/ r2 �`2 +Q�H;2#`�
KQ`T?BbKb 7`QK ⟨R, ρ⟩ iQ ⟨A,α⟩,

R A

FR FA

r1

r2

Fr1

Fr2

ρ α
α ◦ r1 = Fr1 ◦ ρ
α ◦ r2 = Fr2 ◦ ρ.

Uh?2 /B�;`�K ?2`2 Bb mb2/ QMHv iQ /2+H�`2 i?2 ivT2 Q7 i?2 KQ`T?BbKb, r2 /QMǶi
�bbmK2 i?�i Bi +QKKmi2bX h?2 QMHv 2[m�HBiB2b �`2 i?2 QM2b bi�i2/ QM i?2 `B;?iXV
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h?2 B/2� Bb i?�i � `2H�iBQM Bb � #BbBKmH�iBQM B7- r?2M2p2` irQ 2H2K2Mib Q7 A
�`2 `2H�i2/ #v Bi- i?2M i?2B` BK�;2b i?`Qm;? α �`2 `2H�i2/ #v i?2 HB7iBM;X A7 F Bb
� +QMi�BM2` �M/ vQm i?BMF Q7 α �b ;BpBM; i?2 bi`m+im`2 Q7 �M 2H2K2Mi i?Bb b�vb, B7
irQ 2H2K2Mib �`2 `2H�i2/- i?2M i?2v Kmbi ?�p2 i?2 b�K2 b?�T2- rBi? +QKTQM2Mib
BM +Q``2bTQM/BM; TQbBiBQMb �HbQ `2H�i2/X h?Bb MQiBQM Q7 #BbBKmH�iBQM r�b }`bi BM@
i`Q/m+2/ #v S�`F (R9) �M/ JBHM2` (Rj) �b � r�v Q7 `2�bQMBM; �#Qmi T`Q+2bb2bX
aBKBH�` +QM+2Tib r2`2 /2p2HQT2/ 2�`HB2` BM Qi?2` }2H/b �M/ bm#bi�MiB�H T`2pBQmb
rQ`F T`2T�`2/ i?2 #�+F;`QmM/ 7Q` Bib �TT2�`�M+2X h?2 bm`p2v �`iB+H2 #v a�M@
;BQ`;B (ky) i2HHb i?2 ?BbiQ`v Q7 i?2 B/2�X �+x2H (k) �/QTi2/ Bi �b i?2 �TT`QT`B�i2
MQiBQM Q7 2[m�HBiv 7Q` MQM@r2HH@7QmM/2/ b2ibX h?2`2 �`2 bm#iH2 /Bz2`2M+2b #2@
ir22M b2p2`�H MQiBQMb Q7 #BbBKmH�iBQM i?�i �`2 MQi 2[mBp�H2Mi BM 7mHH ;2M2`�HBiv,
`2+2Mi rQ`F #v ai�iQM (kk) BMp2biB;�i2b i?2B` +Q``2H�iBQMbX
PM SA � #BbBKmH�iBQM Bb � #BM�`v `2H�iBQM ∼ bm+? i?�i,

∀σ1,σ2 : SA.σ1 ∼ σ2 ⇒ headσ1 = headσ2 ∧ tailσ1 ∼ tailσ2

LQiB+2 i?�i σ1 ∼ σ2 ;m�`�Mi22b i?�i +Q``2bTQM/BM; 2H2K2Mib BM i?2 BM}MBi2
b2[m2M+2b /2}M2/ #v σ1 �M/ σ2 �`2 2[m�H- i?�i Bb- σ1 �M/ σ2 �`2 2ti2MbBQM@
�HHv 2[m�HX AM 7�+i- #v `2T2�i2/Hv �TTHvBM; i?2 �#Qp2 T`QT2`iv- r2 ?�p2 i?�i
head (tailn σ1) = head (tailn σ2) 7Q` 2p2`v nX

.2}MBiBQM 9X � +Q�H;2#`� ⟨A,α⟩ Bb b�B/ iQ b�iBb7v i?2 +QBM/m+iBQM T`BM+BTH2 B7
7Q` 2p2`v #BbBKmH�iBQM ⟨R, r1, r2⟩ r2 ?�p2 i?�i r1 = r2 2ti2MbBQM�HHvX h?�i Bb-
�HH T�B`b `2H�i2/ #v i?2 #BbBKmH�iBQM �`2 2[m�HX

AMimBiBp2Hv- i?2 +QBM/m+iBQM T`BM+BTH2 bi�i2b i?�i i?2 2H2K2Mib Q7 A �`2 +QK@
TH2i2Hv +?�`�+i2`Bb2/ #v i?2B` bi`m+im`2- r?B+? +�M #2 BM}MBi2X h?2`2 Bb � r2HH@
FMQrM +QMM2+iBQM #2ir22M }M�HBiv Q7 � +Q�H;2#`� �M/ i?2 +QBM/m+iBQM T`BM+BTH2X

h?2Q`2K 8X 6BM�H +Q�H;2#`�b b�iBb7v i?2 +QBM/m+iBQM T`BM+BTH2X

AM T`�+iB+2 i?2 +QBM/m+iBQM T`BM+BTH2 Bb �TTHB2/ #v � +Q`2+m`bBp2 T`QQ7 i?�i
+�M BMpQF2 i?2 bi�i2K2Mi iQ #2 T`Qp2/ mM/2` +2`i�BM bi`m+im`�H `2bi`B+iBQMbX
q?2M T`QpBM; i?2 2[m�HBiv Q7 irQ ;Bp2M i2`Kb- r2 +�M �TT2�H iQ i?2 bi�i2K2Mi
i?�i r2 r�Mi iQ T`Qp2- �b � +QBM/m+iBQM ?vTQi?2bBb- �b HQM; �b Bi Bb ;m�`/2/ #v
+QMbi`m+iQ`b BM i?2 b2Mb2 i?�i Bi Bb QMHv /2THQv2/ iQ T`Qp2 i?2 2[m�HBiv Q7 /B`2+i
+QKTQM2Mib Q7 i?2 ;Bp2M i2`KbX

�b �M 2t�KTH2- H2i mb mb2 i?2 +QBM/m+iBQM T`BM+BTH2 iQ T`Qp2 i?�i i?2 irQ
p2`bBQMb Q7 i?2 7mM+iBQM fr /2}M2/ BM a2+iBQM k �`2 2[m�H- i?�i Bb- fr n = fr′ n 7Q`
�HH M�im`�H MmK#2`b nX q2 rBHH }`bi M22/ � H2KK� �#Qmi fr′- #�bB+�HHv b�vBM;
i?�i Bi b�iBb}2b i?2 i�BH 2[m�HiBQM Q7 fr- r?B+? r2 �HbQ T`Qp2 #v +QBM/m+iBQMX

G2KK� eX 6Q` �HH M�im`�H MmK#2`b n- tail (fr′ n) = fr′ (n+ 1)X

S`QQ7X q2 mM7QH/ i?2 irQ bB/2b Q7 i?2 2[m�HBiv- bBKTHB7vBM; �++Q`/BM; iQ i?2

RR



/2}MBiBQMb Q7 fr′- ⊕- �M/ 1̄,

tail (fr′ n) = tail (n ▹ (fr′ n⊕ 1̄))
= fr′ n⊕ 1̄
= (head (fr′ n) + 1) ▹ (tail (fr′ n)⊕ 1̄)
= (n+ 1) ▹ (tail (fr′ n)⊕ 1̄)

fr′ (n+ 1) = (n+ 1) ▹ (fr′ (n+ 1)⊕ 1̄)

h?2 irQ 2tT`2bbBQMb ?�p2 i?2 b�K2 ?2�/- n + 1- bQ r2 Dmbi M22/ iQ T`Qp2 i?�i
i?2 i�BHb �`2 2[m�HX 6Q` i?Bb r2 +�M bBKTHv BMpQF2 i?2 +QBM/m+iBp2 ?vTQi?2bBb-
i?�i Bb- �TTHv i?2 bi�i2K2Mi Q7 i?2 H2KK� tail (fr′ n) = fr′ (n+ 1)X

hQ `2�/2`b mM7�KBHB�` rBi? i?Bb bivH2 Q7 `2�bQMBM;- i?Bb T`QQ7 K�v b22K ?QT2@
H2bbHv +B`+mH�`, r2 BMpQF2 i?2 bi�i2K2Mi i?�i r2Ƕ`2 i`vBM; iQ T`Qp2 BM Bib QrM
T`QQ7X >Qr2p2`- i?2 +B`+mH�` �TT2�H iQ i?2 bi�i2K2Mi Bb `2bi`B+i2/ iQ T`QpBM;
2[m�HBiv Q7 i?2 i�BHb, Bi Bb ;m�`/2/ #v +QMbi`m+iQ`bX h?Bb +QMbi`�BMi QM i?2 bi`m+@
im`2 Q7 i?2 T`QQ7 K�F2b Bi �K2�M�#H2 iQ #2 `27Q`KmH�i2/ KQ`2 `B;Q`QmbHv BM i?2
7Q`K Q7 � #BbBKmH�iBQMX Uai`B+iHv bT2�FBM;- i?2 +QBM/m+iBp2 ?vTQi?2bBb Bb �TTHB2/
iQ i2`Kb i?�i �`2 �`;mK2Mib Q7 ⊕- bQ Bi Bb MQi i2+?MB+�HHv ;m�`/2/c #mi �b BM i?2
+�b2 Q7 i?2 /2}MBiBQM Q7 fr′- i?Bb H�t mb2 +�M #2 `2�/BHv DmbiB}2/XV

q2 +�M MQr mb2 i?2 H2KK� iQ T`Qp2 i?�i #Qi? p2`bBQMb Q7 i?2 7mM+iBQM �`2
2[m�HX

h?2Q`2K dX 6Q` �HH M�im`�H MmK#2`b n- fr n = fr′ nX

S`QQ7X q2 mM7QH/ i?2 H27i@?�M/ bB/2 Q7 i?2 2[m�iBQM- i?2M mb2 i?2 +QBM/m+iBp2
?vTQi?2bBb �M/ i?2 T`2pBQmb H2KK� iQ `2/m+2 Bi iQ i?2 `B;?i@?�M/ bB/2X

fr n = n ▹ fr (n+ 1)
= n ▹ fr′ (n+ 1) #v *QBM/m+iBp2 >vTQi?2bBb
= n ▹ tail (fr′ n) #v G2KK� e
= fr′ n

h?2 H�bi bi2T Bb DmbiB}2/ #2+�mb2 n = head (fr′ n) #v /2}MBiBQM �M/ i`BpB�HHv �Mv
bi`2�K σ Bb 2[m�H iQ headσ ▹ tailσX

q?2M rQ`FBM; rBi? KQM�/B+ bi`2�Kb- r2 +�M bBKBH�`Hv mb2 T`QQ7 #v +QBM@
/m+iBQM #v BMpQFBM; �b +QBM/m+iBp2 ?vTQi?2bBb i?2 bi�i2K2Mi r2 �`2 T`QpBM;X
lb2b Q7 i?2 +QBM/m+iBp2 ?vTQi?2bBb �`2 DmbiB}2/ B7 i?2v �`2 �TTHB2/ iQ i?2 bm#@
+QKTQM2Mib Q7 i?2 bi`2�KX

q2 rBHH BHHmbi`�i2 i?Bb r?2M r2 T`Qp2 bi�i2K2Mib �#Qmi bQK2 Q7 i?2 BMbi�M@
iB�iBQMb Q7 KQM�/B+ bi`2�KbX 6Q` 2t�KTH2- r?2M mbBM; List@KQMbi2`b UKQM�/B+
bi`2�Kb r?2`2 i?2 mM/2`HvBM; KQM�/ M Bb ListV- r2 �`2 �HHQr2/ iQ �TTHv i?2
+QBM/m+iBp2 ?vTQi?2bBb iQ i?2 i�BHb Q7 �HH 2H2K2Mib BM i?2 HBbiX
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9 1t�KTH2b
q2 MQr b?B7i Qm` pB2r iQ +QM+`2i2 2t�KTH2b Q7 KQMbi2`b- �M/ i?2B` TQi2MiB�H
mb2bX

"v BMbi�MiB�iBM; KQM�/B+ bi`2�Kb rBi? /Bz2`2Mi KQM�/b- vQm +�M 7Q`K r2HH@
FMQrM /�i� ivT2b- Q` p�`B�iBQMb Q7 i?2b2X h?Bb ?�b T`QpB/2/ ;QQ/ BMbB;?i BMiQ
r?�i FBM/b Q7 QT2`�iBQMb �`2 TQbbB#H2 iQ T2`7Q`K QM KQM�/B+ bi`2�Kb BM ;2M2`�HX

6Q` 2�+? QM2 Q7 i?2b2 BMbi�M+2b- r2 HQQF �i ?Qr i?2v +Q``2bTQM/ iQ Qi?2`
`2H�i2/ /�i� bi`m+im`2bX AM i?2 M2ti b2+iBQM- r2 �HbQ BMp2biB;�i2 ?Qr � 72r ;2M2`B+
7mM+iBQMb QM KQM�/B+ bi`2�Kb �+i QM 2�+? Q7 i?2b2 BMbi�M+2b- rBi? `2bT2+i iQ
?Qr i?2v i`�Mb7Q`K i?2 /�i� bi`m+im`2b i?�i i?2b2 KQMbi2`b `2T`2b2MiX

�HH Q7 i?2b2 BMbi�M+2b Q7 KQM�/B+ bi`2�Kb- �M/ bQK2 Q7 i?2B` `2H�i2/ QT@
2`�iBQMb- �`2 BKTH2K2Mi2/ BM i?2 �ii�+?2/ HB#`�`vX 6Q` i?2 KQbi T�`i r2 rBHH
+QMbB/2` QT2`�iBQMb i?�i �`2 TQHvKQ`T?B+ QM i?2 KQM�/- �b i?2b2 �`2 KQ`2 MQp2H
BM i?2B` #2?�pBQm`X

9XR A/2MiBiv KQM�/
hQ `2+�T- r?2M BMbi�MiB�iBM; SM,A rBi? i?2 B/2MiBiv KQM�/- r2 Q#i�BM i?2 ivT2
Q7 Tm`2 bi`2�KbX

codata SA : Set
(▹) : N → SN → SN

�HH bi�M/�`/ QT2`�iBQMb QM bi`2�Kb +�M #2 BKTH2K2Mi2/ 7Q` i?Bb ivT2X
AMi2`2biBM;Hv- Tm`2 bi`2�Kb �`2 �HbQ +QKQM�/b- �M/ i?Bb Bb i`m2 BM ;2M2`�H

7Q` �Mv KQM�/B+ bi`2�K r?2`2 i?2 mM/2`HvBM; 7mM+iQ` ?�b � +QKQM�/ bi`m+im`2X
h?Bb Bb /Bb+mbb2/ �i i?2 2M/ Q7 i?Bb b2+iBQM- r?2`2 r2 HQQF �i i?2 2t�KTH2 Q7 �
Store@KQMbi2`X

9Xk J�v#2 KQM�/
q?2M i?2 mM/2`HvBM; 7mM+iQ` Bb Maybe- r2 ;2i i?2 ivT2 Q7 H�xv HBbib

codata List(A) : Set
(▹) : A× List(A) → List(A)
nil : List(A)

AM >�bF2HH- i?Bb ivT2 Bb BKTH2K2Mi2/ �b i?2 bi�M/�`/ HBbi ivT2 (�) 7Q` �Mv
ivT2 �X h?2 nil +QMbi`m+iQ` Bb Dmbi i?2 2KTiv HBbi ()- �M/ i?2 ▹ +QMbi`m+iQ` Bb
`2T`2b2Mi2/ #v i?2 QT2`�iQ` U,VX aQ i?2 HBbi a0 ▹ a1 ▹ a2 ▹ nil Bb r`Bii2M BM >�bF2HH
�b 2Bi?2` �y,�R,�k,() Q`- rBi? i?2 MB+2` HBbi MQi�iBQM- �b (�y-�R-�k)X

h?2 ivT2 SMaybe,A Q7 Maybe@KQMbi2`b Bb BbQKQ`T?B+ iQ i?2 ivT2 List(A) Q7
H�xv HBbib- rBi? 2p2`v QT2`�iBQM TQbbB#H2 QM HBbib �HbQ TQbbB#H2 QMMaybe@KQMbi2`bX
�M/ BM/22/ KQbi QT2`�iBQMb +�M #2 ;2M2`�HBx2/ iQ TQHvKQ`T?B+ 7mM+iBQMb BM/2@
T2M/2Mi Q7 i?2 KQM�/X

h?Bb BbQKQ`T?BbK Bb rBiM2bb2/ #v i?2 irQ 7mM+iBQMb,

Rj



7`QKG ,, (�) → JQMai` J�v#2 �
7`QKG () = LQi?BM;
7`QKG Ut,tbV = J*QMb UCmbi Ut- 7`QKG tbVV

iQGBbi ,, JQMai` J�v#2 � → (�)
iQGBbi UJ*QMb LQi?BM;V = ()
iQGBbi UJ*QMb Cmbi Ut- tbVV = t , UiQGBbi tbV

Ai Bb +H2�` 7`QK i?2 /2}MBiBQMb i?�i i?2b2 7mM+iBQMb �`2 i?2 2t�+i BMp2`b2 Q7
QM2 �MQi?2`X

h?Bb BbQKQ`T?BbK ?�b T`QpB/2/ � mb27mH #2M+?K�`F �;�BMbi r?B+? iQ i2bi
KQM�/@TQHvKQ`T?B+ 7mM+iBQMb BM Qm` HB#`�`vX 6Q` 2�+? 7mM+iBQM BM .�i�XGBbi
U� +QHH2+iBQM Q7 HBbi QT2`�iBQMb BM+Hm/2/ BM >�bF2HHǶb bi�M/�`/ HB#`�`vV i?�i ?�b
#22M ;2M2`�HBx2/ iQ KQM�/B+ bi`2�Kb- r2 +�M i2bi i?Bb ;2M2`�HBx2/ 7mM+iBQM rBi?
� Maybe@KQMbi2`- �M/ +QKT�`2 i?2 QmiTmi iQ i?�i Q7 i?2 +Q``2bTQM/BM; 7mM+iBQM
BM .�i�XGBbiX 6Q` i?Bb- r2 mb2 i?2 ZmB+F*?2+F (8) HB#`�`v,
T`QTn/`QT ,, S`QT2`iv
T`QTn/`QT = 7Q`�HH U;2MGBbiJQMai` >∗< +?QQb2AMi Uy-RyyyVV 0

λUUH- KbV- MV → /`QT M H === iQGBbi U/`QTJ M KbV

h?Bb 7mM+iBQM #mBH/b � ZmB+F*?2+F T`QT2`iv- r?B+? p�HB/�i2b r?2i?2` i?2
/`QT 7mM+iBQM U`2KQp�H Q7 i?2 }`bi n 2H2K2MibV QM HBbib �M/ Maybe@KQMbi2`b �`2
U2ti2MbBQM�HHvV 2[mBp�H2MiX h?Bb K�F2b mb2 Q7 i?2 BbQKQ`T?BbK- �HHQrBM; mb iQ
7`22Hv +QMp2`i #2ir22M i?2b2 ivT2b BM Q`/2` iQ +?2+F 7Q` 2[m�HBivX

AM+Hm/2/ rBi? i?2 HB#`�`v Bb � r?QH2 bmBi2 Q7 i2bib BM i?Bb bivH2- b?QrBM; i?2
+Q``2bTQM/2M+2 #2ir22M 7mM+iBQMb QMMaybe@KQMbi2`b �M/ 7mM+iBQMb QM H�xv HBbib
/2}M2/ BM i?2 >�bF2HH bi�M/�`/ HB#`�`vX

�HH bi�M/�`/ U�M/ K�Mv MQM@bi�M/�`/V QT2`�iBQMb QM HBbib �`2 BKTH2K2Mi2/
7Q` ;2M2`B+ KQM�/b- bQK2iBK2b rBi? i?2 `2[mB`2K2Mi i?�i i?2 7mM+iQ` Bb �M
BMbi�M+2 Q7 6QH/�#H2 Q` �Hi2`M�iBp2X

9Xj GBbi KQM�/
q?2M BMbi�MiB�iBM; KQMbi2`b rBi? i?2 HBbi KQM�/- r2 ;2i i?2 ivT2 Q7 #`�M+?@
H�#2HH2/ i`22bX h?2b2 �`2 � p�`B�iBQM QM i?2 mbm�H ivT2 Q7 _Qb2 i`22b- r?2`2 BM
i?Bb +�b2 i?2 2/;2b- `�i?2` i?�M i?2 MQ/2b- Q7 i?2 i`22b �`2 H�#2HH2/ #v p�Hm2bX

codata BLTree(A) : Set
node : List(A× BLTree(A)) → BLTree(A)

ULQi2 i?�i i?Bb ivT2 ?�b �M 2KTiv 2H2K2Mi leaf : BLTree(A)- Q#i�BM2/ #v mbBM;
i?2 2KTiv HBbi- leaf = node nilXV

"`�M+?@H�#2HH2/ i`22b rBi? QM2 2ti`� ǵ`QQiǶ 2H2K2Mi �`2 BbQKQ`T?B+ iQ _Qb2
i`22b- �b b?QrM #2HQr @ i?Bb +Q``2bTQM/b iQ i?2 B/2� i?�i 2p2`v MQ/2 BM � i`22
?�b � mMB[m2 #`�M+? 7`QK Bib T�`2Mi- rBi? i?2 2t+2TiBQM Q7 i?2 `QQi MQ/2X
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/�i� _Qb2h`22 � = _LQ/2 � (_Qb2h`22 �)

T?B ,, U�- JQMai` () �V → _Qb2h`22 �
T?B U� - J*QMb ibV = _LQ/2 � U7K�T T?B ibV

TbB ,, _Qb2h`22 � → U�- JQMai` () �V
TbB U_LQ/2 � ibV = U� - J*QMb U7K�T TbB ibVV

"`�M+?@H�#2HH2/ i`22b BM ;2M2`�H �`2 KQ`2 mb27mH 7Q` �TTHB+�iBQMb r?2`2 vQm
+�`2 QMHv �#Qmi T�i?b /QrM � i`22- Q` i`�MbBiBQMb #2ir22M bi�i2b `�i?2` i?�M i?2
bi�i2b i?2Kb2Hp2bX

�b �M 2t�KTH2- r2 +QmH/ 2Bi?2` KQ/2H � ;�K2 Q7 MQm;?ib �M/ +`Qbb2b �b �
_Qb2 i`22 r?2`2 2�+? MQ/2 biQ`2b � ;�K2 bi�i2- Q` rBi? � List@KQMbi2` r?2`2
2�+? #`�M+? biQ`2b i?2 KQp2 i�F2MX Ai Bb +H2�` 7`QK i?Bb i?�i vQm +�M ?�p2 �M
2KTiv #`�M+?@H�#2HH2/ i`22 U� bBM;H2 MQ/2 rBi? MQ #`�M+?2bfKQp2bV- #mi MQi �M
2KTiv _Qb2 i`22 Ui?2`2 Bb �Hr�vb �M BMBiB�H ;�K2 bi�i2- 2p2M B7 MQ KQp2 ?�b #22M
K�/2 v2iVX

�MQi?2` 2t�KTH2 Bb T`Q#�#BHBiv i`22b @ i?2 #`�M+?2b `2T`2b2Mi +?QB+2b- �M/
i?2 H�#2Hb �`2 i?2 T`Q#�#BHBiB2b Q7 i?Qb2 +?QB+2b Q++m``BM;X h?Bb +Q``2bTQM/b
MB+2Hv iQ i?2 MQM@/2i2`KBMBbK b2K�MiB+b Q7 i?2 HBbi KQM�/X AM+Hm/2/ BM i?2
�ii�+?2/ +Q/2 �`2 bQK2 QT2`�iBQMb QM �M/ 2t�KTH2b Q7 List@KQMbi2`b- rBi? i?Bb
+QM+2Ti BM KBM/X

aQK2 bi�M/�`/ QT2`�iBQMb QM i`22b /QMǶi rQ`F 7Q` i?Bb p�`B�iBQM- #mi i`�p2`b�H
QT2`�iBQMb `2im`M i?2 #`�M+? H�#2Hb BM i?2 2tT2+i2/ Q`/2`- rBi? i?2 +QMp2MiBQM
Q7 i`�p2`bBM; H27i@iQ@`B;?iX

9X9 _2�/2` KQM�/
u2i �MQi?2` BMi2`2biBM; ivT2 Bb i?�i Q7 Reader@KQMbi2`bX h?2 `2�/2` KQM�/ Bb
bBKTHv �M QT2`�iQ` i?�i ;2M2`�i2b i?2 7mM+iBQM ivT2 7`QK � }t2/ BMTmi ivT2 I,

ReaderI A = I → A

q2 +�M b22 ReaderI @KQMbi2`b- 2H2K2Mib Q7 SReaderI A- �b i`22b rBi? 2/;2b H�#2HH2/
#v 2H2K2Mib Q7 I �M/ BMi2`M�H MQ/2b H�#2HH2/ #v 2H2K2Mib Q7 AX

Reader@KQMbi2`b +Q``2bTQM/ iQ i?2 ivT2 Q7 J2�Hv K�+?BM2bX
h?2b2 �`2 � ivT2 Q7 }MBi2 bi�i2 i`�Mb/m+2`- rBi? � b2i Q7 bi�i2b S- BMTmi

�HT?�#2i Σ- QmiTmi �HT?�#2i ∆- �M BMBiB�H bi�i2 s0 ∈ S- �M/ � i`�MbBiBQM 7mM+iBQM
δ : S × Σ → S ×∆X h?2v �`2 ivTB+�HHv mb2/ iQ KQ/2H +QKTmi�iBQMb r?2`2 i?2
QmiTmib /2T2M/ QM #Qi? i?2 BMi2`M�H bi�i2 �M/ �M BMTmiX

record Mealy(S,Σ,∆) : Set
δ : S × Σ → S ×∆
s0 : S

h?2`2 �`2 Kmim�H i`�Mb7Q`K�iBQMb #2ir22M i?2b2 irQ ivT2bX h?2b2 7Q`K �M
2[mBp�H2M+2, r?2M i`�Mb7Q`KBM; � J2�Hv K�+?BM2 iQ � Reader@KQM�/ �M/ i?2M
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#�+F iQ � J2�Hv K�+?BM2- r2 /QMǶi ;2i i?2 b�K2 K�+?BM2 Ui?2 ivT2 Q7 bi�i2b
?�b +?�M;2/V- #mi r2 ;2i � J2�Hv K�+?BM2 rBi? i?2 b�K2 /vM�KB+ #2?�pBQm`X

h?2 /B`2+iBQM 7`QK Reader@KQMbi2`b iQ J2�Hv K�+?BM2b `2[mB`2b mb iQ /2}M2
i?2 bi�i2 ivT2 �b � ?B2`�`+?B+�H `2+m`bBp2 ivT2 7`QK BMTmi iQ QmiTmiX
ivT2 aJai` B Q = JQMai` UU→V BV Q

/�i� J2�Hv bi BM� Qmi� = J2�Hv & BMBiai�i2 ,, bi
- i`�Mb7 ,, Ubi - BM�V → Ubi - Qmi�V
'

/�i� ai�i26mM+ B Q = a6 & ;2ia6 ,, B → Uai�i26mM+ B Q- QV '

K2�HvhQJQMai` ,, J2�Hv b B Q → aJai` B Q
K2�HvhQJQMai` UJ2�Hv b i7V = J*QMb Uλ2 → H2i Ub^- �V = i7 Ub- 2V

BM U�- K2�HvhQJQMai` UJ2�Hv b^ i7VVV

KQMai`hQJ2�Hv ,, aJai` B Q → J2�Hv Uai�i26mM+ B QV B Q
KQMai`hQJ2�Hv UJ*QMb 7V = J2�Hv U�mt 7V UλU;- 2V → U;2ia6 ;V 2V

r?2`2
�mt ,, U2 → U�- JQMai` UU→V 2V �VV → ai�i26mM+ 2 �
�mt 7 = a6 Uλ2 → H2i U�- ;V = 7 2 BM U�mt UmM+QMb ;V- �VV

hQ +H�`B7v- ai�i26mM+ Bb 2[mBp�H2Mi iQ aJai` @ i?2 /BbiBM+iBQM Bb i?�i r2
mb2 ai�i26mM+ r?2M r2 r�Mi iQ i�HF BM +QMi2ti �#Qmi i?2 bi�i2 Q7 i?2 J2�Hv
K�+?BM2 i?�i � aJai` +Q``2bTQM/b iQ- �M/ MQi Dmbi � Reader@KQMbi2` BM BbQH�iBQMX

h?2 irQ 7mM+iBQMb /2}M2/ T`Q/m+2 2ti2MbBQM�HHv 2[mBp�H2Mi J2�Hv K�+?BM2b-
r?B+? r?2M ;Bp2M i?2 b�K2 BMTmib- T`Q/m+2 i?2 b�K2 QmiTmibX � Reader@KQMbi2`
+�M #2 i?Qm;?i Q7 �b � J2�Hv K�+?BM2 r?2`2 2�+? bi�i2 Bb i?2 i`�MbBiBQM 7mM+@
iBQM- KQ`2 bT2+B}+�HHv i?2 i`�MbBiBQM 7mM+iBQMb T�`iB�HHv �TTHB2/ iQ 2�+? bi�i2
Q7 i?2 BKTHB2/ J2�Hv K�+?BM2X 6`QK MQr QM r2 i�HF �#Qmi Reader@KQMbi2`b-
}MBi2 bi�i2 K�+?BM2b U6aJV �M/ J2�Hv K�+?BM2b- �HH `272``BM; iQ i?2 b�K2 /�i�
bi`m+im`2X

AMi2`2biBM;Hv- 7`QK C�+Q#b (N)- i?2 ivT2 Q7 J2�Hv K�+?BM2b Bb � r�v Q7 /2}MBM;
� +Q�H;2#`�, i?2 +Q``2bTQM/BM; KQMbi2` Bb i?2M i?2 #2?�pBQm` Q7 i?Bb +Q�H;2#`�X
a22 i?2 +QBM/m+iBp2 i`2�iK2Mi Q7 }MBi2 bi�i2 K�+?BM2b BM (N)X h?Bb T�`iB+mH�`
rQ`F +QmH/ #2 p2`v `2H2p�Mi BM Qm` +QMiBMm2/ bim/v QM KQM�/B+ bi`2�Kb �M/
i?2B` +QMM2+iBQM iQ �miQK�i�X

PM2 7mM+iBQM i?�i rQ`Fb r2HH rBi? Reader@KQMbi2`b Bb xBTqBi?�X h?Bb mb2b
� #BM�`v QT2`�iBQM iQ +QK#BM2 i?2 2H2K2Mib Q7 irQ KQMbi2`b- T`Q/m+BM; � M2r
KQMbi2` rBi? i?2b2 +QK#BM2/ 2H2K2MibX AM i?2 +�b2 Q7 bi�i2 K�+?BM2b- i?Bb
�KQmMib iQ ?�pBM; � T�B` Q7 bi�i2 K�+?BM2b r?2`2 i?2 b�K2 BMTmib �`2 72/ iQ
#Qi?- �M/ i?2M i?2 QmiTmib �`2 +QK#BM2/ rBi? bQK2 �`#Bi`�`v 7mM+iBQMX 1�+?
6aJ biBHH +?�M;2b bi�i2 BM/2T2M/2MiHvX

�b � i`BpB�H 2t�KTH2- vQm +QmH/ ?�p2 � 6aJ i?�i QmiTmib i?2 K�tBKmK
Q7 i?2 H�bi 3 BMTmib Ur?2`2 i?2 b2i Q7 BMTmib Bb Q`/2`2/V- �M/ �MQi?2` i?�i
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QmiTmib i?2 KBMBKmKX A7 vQm xBT i?2b2 iQ;2i?2` rBi? � 7mM+iBQM i?�i +?2+Fb
7Q` 2[m�HBiv- i?2M vQm ?�p2 � 6aJ i?�i QmiTmib Ƕi`m2Ƕ r?2M i?2 H�bi 3 BMTmib
r2`2 B/2MiB+�H- �M/ Ƕ7�Hb2Ƕ Qi?2`rBb2X h?Bb T�`iB+mH�` 2t�KTH2 Bb BM+Hm/2/ BM
1t�KTH2bXai�i2J�+?BM2bX

h?Bb 7mM+iBQM- �M/ Qi?2`b bm+? �b BMi2`H2�p2_2�/J U/Bb+mbb2/ BM b2+iBQM 8V-
;Bp2 mb27mH r�vb Q7 #mBH/BM; +QKTH2t 6aJb Qmi Q7 bK�HH2` QM2bX

�MQi?2` ivT2 i?�i Reader@KQMbi2`b +Q``2bTQM/ iQ- r?2M i?2 /QK�BM Q7 i?2
`2�/2` �``Qrb �`2 T�B`b Q7 iBK2 p�Hm2b �M/ �MQi?2` BMTmi ivT2- Bb i?2 ivT2 Q7
bB;M�H 7mM+iBQMb �b T`2b2Mi2/ BM (R8)X S2`2x 2i �HX /Bb+mbb i?Bb +Q``2bTQM/2M+2-
�M/ BM@7�+i b?Qr i?�i KQM�/B+ bi`2�Kb BM ;2M2`�H +�M TH�v � mb27mH `QH2 BM
6mM+iBQM�H _2�+iBp2 S`Q;`�KKBM; U6_SV- #v KQ/2HHBM; bi`2�Kb Q7 BMTmib BMiQ
`2�+iBp2 bvbi2KbX h?Bb `QH2- �M/ Qi?2` �TTHB+�iBQMb- �`2 /Bb+mbb2/ 7m`i?2` BM
b2+iBQM dX

9X8 ai�i2 KQM�/
AMbi�MiB�iBQM Q7 KQMbi2`b rBi? i?2 bi�i2 KQM�/ ;Bp2b � ivT2 i?�i Bb bBKBH�`
�;�BM iQ i?�i Q7 J2�Hv K�+?BM2b- #mi QM2 i?�i bmTTHB2b Bib QrM BMTmi iQ 2�+?
+QKTmi�iBQM U�7i2` i?2 }`biV @ vQm +�M 2Bi?2` ǵ`2bi�`iǶ i?2 K�+?BM2 #v bmTTHvBM;
� 7`2b? bi�i2- Q` H2i Bi `mM rBi? i?2 bi�i2b i?�i Bi T`Q/m+2b Bib2H7X h?Bb +QmH/ #2
b22M �b � J2�Hv K�+?BM2 rBi? 722/#�+F- QM2 r?QǶb i`�MbBiBQM 7mM+iBQM `2im`Mb �
M2r BMTmiX q2 `272` iQ i?Bb �b � 722/#�+F K�+?BM2 UFBMachine 7Q` b?Q`iV,

record FBMachine(S,Σ,∆) : Set
δ : S × Σ → S × (Σ×∆)
s0 : S

q2 `2T`2b2Mi i?2 /�i� ivT2 i?Bb r�v iQ mM/2`HBM2 i?�i i?2 ivT2 Q7 Qm` Ƕ722/@
#�+F K�+?BM2bǶ FBMachine(S,Σ,∆) Bb 2[mBp�H2Mi iQ Mealy(S,Σ,Σ×∆)- i?�i Q7
� bT2+B�H +�b2 Q7 Reader@KQMbi2`bX

AM i?Bb b2Mb2- KQbi Q7 r?�i +�M #2 b�B/ �#Qmi ai�i2@KQMbi2`b r�b b�B/ BM
i?2 Reader KQM�/ b2+iBQM �#Qp2X h?2 K�BM /Bz2`2M+2 Bb BM ?Qr i?2 bi`2�K
Bb i`�p2`b2/- Q` 2t2+mi2/ @ i?2 bi�i2 KQM�/Ƕb DQBM QT2`�iBQM i?`2�/b i?2 bi�i2
i?Qm;? 2�+? M2bi2/ +QKTmi�iBQM- r?2`2�b � Reader@KQMbi2` +�MǶi /Q i?Bb rBi?
i?2 `2�/2` KQM�/ QT2`�iBQMb �HQM2X

�MQi?2` r�v iQ i?BMF �#Qmi � ai�i2@KQMbi2`- b2T�`�i2 7`QK i?2B` BMi2`@
T`2i�iBQM �b J2�Hv K�+?BM2b- Bb �b �M BMi2MbBQM�H mM7QH/ Q7 � Tm`2 bi`2�K Q7
p�Hm2bX .2}MBM; � ai�i2@KQMbi2` �KQmMib iQ /2}MBM; � 7mM+iBQM i?�i i�F2b �
bi�i2- �M/ `2im`Mb � p�Hm2- � M2r bi�i2- �M/ � +QMiBMm�iBQM 7mM+iBQM U�MQi?2`
ai�i2@KQMbi2`VX q?2M i?2 M2r bi�i2 Bb +QMiBMmQmbHv �TTHB2/ iQ i?2 M2ti +QM@
iBMm�iBQM- i?Bb +�H+mH�i2b �M BM}MBi2 bi`2�K Q7 p�Hm2b 7`QK �M BMBiB�H Ƕb22/Ƕ bi�i2
@ [mBi2 bBKBH�` iQ i?2 mM7QH/ 7mM+iBQM- �HbQ +�HH2/ i?2 bi`2�K +Q@Bi2`�iQ`X
/�i� 6"J�+?BM2 b � = 6"J & `mM6"J ,, b → UU�- bV- 6"J�+?BM2 b �V '
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mM7QH/6"J ,, 6"J�+?BM2 b � → b → ai`2�K �
mM7QH/6"J 7#K by = ? <, UmM7QH/6"J +QMi bRV

r?2`2 UU?- bRV- +QMiV = `mM6"J 7#K by

mM7QH/ ,, Ub → U�- bVV → b → ai`2�K �
mM7QH/ 7 by = ? <, UmM7QH/ 7 bRV

r?2`2 U?- bRV = 7 by

h?2 F2v /Bz2`2M+2 Bb i?�i i?2 ai�i2@KQMbi2` +�M +QMi�BM K�Mv /Bz2`2Mi
7mM+iBQMb i?�i T`Q/m+2 M2r bi�i2b �M/ QmiTmibX h?Bb ;Bp2b � `B+?2` H�M;m�;2 #v
r?B+? iQ +�H+mH�i2 QmiTmib- r?2`2 2�+? 7mM+iBQM /2}M2b r?�i i?2 M2ti 7mM+iBQM
b?QmH/ #2- /2T2M/BM; QM �M BMTmi bi�i2X h?Bb K�F2b i?2K �M�HQ;Qmb iQ bi�i2
K�+?BM2b- r?2`2 S Bb i?2 b2i Q7 7mM+iBQMb i?2 KQMbi2` +QMi�BMb- �M/ Σ Bb i?2
bi�i2 p�Hm2b ;Bp2M �b BMTmibX

9Xe IO KQM�/
� KQM�/B+ bi`2�K Q7 IO �+iBQMb +Q``2bTQM/b iQ � MQM@i2`KBM�iBM; T`Q+2bbX .m2
iQ i?2 M�im`2 Q7 i?2 IO KQM�/- i?2b2 QT2`�i2 [mBi2 /Bz2`2MiHv iQ Qi?2` KQMbi2`bX

PM2 BMi2`2biBM; T`QT2`iv Bb i?�i �M IO@KQMbi2` Bb i?2 QMHv FBM/ Q7 MQM@
r2HH 7QmM/2/ UBM}MBi2V KQMbi2`- �b 7�` �b r2 FMQr- r?2`2 +QHH�TbBM; i?2 r?QH2
bi`2�K BMiQ QM2 KQM�/B+ �+iBQM Bb TQbbB#H2 �M/ K2�MBM;7mHX h?Bb Bb /QM2 mbBM;
i?2 `mMS`Q+2bb 7�KBHv Q7 7mM+iBQMb,
ivT2 S`Q+2bb � = JQMai` AP �

`mMS`Q+2bb ,, S`Q+2bb � → AP (�)
`mMS`Q+2bb UJ*QMb bV = /Q U�-b^V ← b

�b ← `mMS`Q+2bb b^
`2im`M U�,�bV

h?Bb Bb #2+�mb2 IO �+iBQMb +�M +QMiBMmQmbHv BMi2`�+i rBi? i?2 QmibB/2 rQ`H/-
�M/ +�HH Qi?2` 7mM+iBQMb- rBi?Qmi ?�pBM; iQ i2`KBM�i2X h?2 IO �+iBQM T`Q/m+2/
#v +QHH�TbBM; �M IO@KQMbi2` Bb i?2 UTQbbB#Hv BM}MBi2V b2[m2M+2 Q7 �HH IO QT2`�@
iBQMb BM i?2 bi`2�KX

>Qr2p2` BM i?Bb b2Mb2- Bi Bb #2ii2` MQi iQ Ƕ`mMǶ � T`Q+2bb UIO@KQMbi2`V �i �HH-
�M/ BMbi2�/ Dmbi mM7QH/ 2�+? IO �+iBQM QM2 �i � iBK2X h?Bb �HHQrb vQm T�bb Bi
�`QmM/- i�FBM; Q7 H�v2`b Q7 +QKTmi�iBQM �b M22/2/,
+QMbmK2PM2 ,, a?Qr � ⇒ S`Q+2bb � → S`Q+2bb �
+QMbmK2PM2 T = �#bQ`#J 0 /Q U�- +QMiV ← mM+QMb T

Tmiai`GM Ub?Qr �V
`2im`M +QMi

h?Bb BMi2MbBQM�H `2T`2b2Mi�iBQM Q7 T`Q+2bb2b ;Bp2b �M �/p�Mi�;2 Qp2` Dmbi
/2}MBM; � bBM;H2 `2T2�iBM; �+iBQM rBi? Dmbi i?2 IO KQM�/- #2+�mb2 vQm +�M i�F2
BMi2`K2/B�i2 `2bmHib 7`QK �M BM}MBi2 T`Q+2bb �b M22/2/- r?2`2�b vQm +�MMQi
/2}M2 � bBM;H2 IO �+iBQM i?�i /Q2b i?Bb rBi?Qmi mbBM; H�xv IOX
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+QMbmK2PM2^ ,, a?Qr � ⇒ AP (�) → AP (�)
+QMbmK2PM2^ T = DQBM 0 /Q � ← 7K�T ?2�/ T

Tmiai`GM Ub?Qr �V
`2im`M U7K�T i� B H TV

h?2 }`bi HBM2 Q7 i?2 /Q bi�i2K2Mi rQMǶi `2im`M B7 i?2 IO �+iBQM T Bb MQM@
i2`KBM�iBM; �M/ bi`B+iX

h?2 7QHHQrBM; Bb � i2+?MB+�H rQ`F2/ 2t�KTH2- T`2b2MiBM; �Hi2`M�iBp2 r�vb Q7
`mMMBM; �M IO@KQMbi2` BM /Bz2`2Mi +QMi2tib,

:Bp2M � T`Q+2bb U�M IO@KQMbi2`V- vQm K�v r�Mi iQ mb2 bQK2 Q7 i?2 QmiTmi
p�Hm2b BM �MQi?2` +QKTmi�iBQMX hQ �++2bb i?2b2 p�Hm2b- vQm M22/ iQ `mM i?2
IO �+iBQMb i?�i i?2 KQMbi2` +QMbBbib Q7X >Qr2p2`- bBM+2 i?2 }`bi �+iBQM rBHH
M2p2` `2im`M U�b �HH Q7 i?2 bm#b2[m2Mi �+iBQMb �`2 M2bi2/ BMbB/2V- i?Bb Bb MQi
BKK2/B�i2Hv TQbbB#H2 rBi? bi`B+i IOX AMbi2�/- vQm ?�p2 iQ mb2 H�xv IO- bQ i?�i
p�Hm2b i?�i �`2 M22/2/ QmibB/2 Q7 i?2 T`Q+2bb �`2 QMHv +�H+mH�i2/ �b `2[mB`2/X
h?Bb `2[mB`2b mMb�72AMi2`H2�p2AP (kR)- r?B+? /272`b 2t2+miBQM Q7 IO �+iBQMb
mMiBH 2p�Hm�iBQM Q7 i?2B` `2bmHi Bb 7Q`+2/ #v �MQi?2` +QKTmi�iBQMX

AM i?2b2 7mM+iBQMb- r2 �`2 i`vBM; iQ QmiTmi i?2 }`bi p�Hm2 +QKTmi2/ #v
`mMMBM; � T`Q+2bb T`Q+y,
T`Q+y ,, S`Q+2bb �

`mMy ,, AP UV
`mMy = /Q �b ← `mMS`Q+2bb T`Q+y

Tmiai`GM 0 b?Qr U�b 55 yV

`mMR ,, AP UV
`mMR = /Q �b ← mMb�72_mMS`Q+2bb T`Q+y

Tmiai`GM 0 b?Qr U�b 55 yV

>2`2- `mMy rBHH `mM i?2 T`Q+2bb T`Q+y- �M/ i?2 HBM2 i?�i T`BMib i?2 }`bi
2H2K2Mi rBHH M2p2` #2 `2�+?2/ bBM+2 `mMS`Q+2bb T`Q+y /Q2bMǶi i2`KBM�i2X

AM `mMR- r2 mb2 mMb�72_mMS`Q+2bb- r?B+? Bb /2}M2/ �b,
mMb�72_mMS`Q+2bb ,, S`Q+2bb � → AP (�)
mMb�72_mMS`Q+2bb UJ*QMb bV =

/Q U�-b^V ← b
�b ← mMb�72AMi2`H2�p2AP UmMb�72_mMS`Q+2bb b^V
`2im`M U�,�bV

1�+? Q7 i?2 IO �+iBQMb BM i?2 T`Q+2bb �`2 `mM rBi? mMb�72AMi2`H2�p2AP-
�HHQrBM; i?2 T`Q+2bb iQ `2im`M ǵ2�`HvǶ- �M/ i?2 Tmiai`GM 0 b?Qr U�b 55 yV
bi�i2K2Mi iQ #2 `2�+?2/X h?Bb T`BMi bi�i2K2Mi 7Q`+2b i?2 }`bi IO �+iBQM BM i?2
T`Q+2bb iQ `mM- bBM+2 i?2 }`bi 2H2K2Mi Q7 �b Bb M22/2/ U�b 55 y `2im`Mb i?2 }`bi
2H2K2Mi Q7 i?2 �++mKmH�i2/ p�Hm2b 7`QK `mMMBM; i?2 T`Q+2bbVX

lbBM; mMb�72AMi2`H2�p2AP BMi`Q/m+2b +QM+m``2M+v T`Q#H2Kb BMiQ Qi?2`rBb2
`2H�iBp2Hv Tm`2 >�bF2HH T`Q;`�KbX 6Q` bQK2 IO@KQMbi2`b- bm+? �b i?Qb2 i?�i bBK@
THv QmiTmi p�Hm2b iQ i?2 i2`KBM�H- i?Bb Bb MQi � #B; Bbbm2- #mi KQ`2 +QKTHB+�i2/

RN



QM2b K�v +�mb2 T`Q#H2Kb U7Q` 2t�KTH2 QM2b i?�i `2�/ �M/ r`Bi2 iQ � }H2VX

h?Bb T`Q#H2K BM7Q`K2/ i?2 /2p2HQTK2Mi Q7 � KQ`2 ;2M2`�H QT2`�iBQM QM
KQM�/B+ bi`2�Kb- BMi2`H2�p2_2�/J- r?B+? �HHQrb 7Q` BMi2`H2�pBM; irQ KQMbi2`b-
r?2`2 2�+? 2H2K2Mi BM i?2 b2+QM/ /2T2M/b QM 2H2K2Mib BM i?2 }`biX
BMi2`H2�p2_2�/J ,, JQM�/ K ⇒ JQMai` K � → JQMai` U_2�/2`h � KV #

→ JQMai` K #
BMi2`H2�p2_2�/J UJ*QMb K�V UJ*QMb 7V = J*QMb 0

/Q U�- K�^V ← K�
U#- 7^V ← `mM_2�/2`h 7 �
`2im`M U#- BMi2`H2�p2_2�/J K�^ 7^V

h?Bb Bb mb27mH 7Q` b2[m2M+BM; IO@KQMbi2`b- rBi?Qmi `2bQ`iBM; iQ TQbbB#Hv mM@
b�72 K2i?Q/bX Ai `2HB2b QM i?2 _2�/2`h KQM�/ i`�Mb7Q`K2`- KQM�/ i`�Mb7Q`K2`b
#2BM; bQK2i?BM; r2 ?�p2MǶi v2i /Bb+mbb2/X h?2v �`2 2bb2MiB�HHv � K2i?Q/ Q7
bi�+FBM; /Bz2`2Mi KQM�/b iQ +QK#BM2 i?2B` 2z2+ibX >2`2- r2 �`2 mbBM; i?2
_2�/2`h � AP KQM�/- r?B+? `2T`2b2Mib �M IO �+iBQM i?�i Bb +QKTmi2/ 7`QK
bQK2 2MpB`QMK2Mi Q7 ivT2 �X

a?QrM #2HQr Bb �M 2t�KTH2 Q7 +QK#BMBM; irQ T`Q+2bb2b rBi? i?Bb QT2`�iBQMX
BMTmiS`Q+ ,, S`Q+2bb *?�`
BMTmiS`Q+ = J*QMb 0 /Q + ← ;2i*?�`

`2im`M U+- BMTmiS`Q+V

QmiTmiS`Q+ ,, a?Qr � ⇒ JQMai` U_2�/2`h � APV UV
QmiTmiS`Q+ = J*QMb 0 /Q � ← �bF

HB7iAP 0 Tmiai`GM Ub?Qr �V
`2im`M UUV- QmiTmiS`Q+V

i2biS`Q+ ,, AP UV
i2biS`Q+ = `mMoQB/S`Q+2bb UBMi2`H2�p2_2�/J BMTmiS`Q+ QmiTmiS`Q+V

lbBM; i?Bb 7mM+iBQM H2ib vQm /2}M2 /2T2M/2Mi T`Q+2bb2b b2T�`�i2Hv �M/ i?2M
+QK#BM2 i?2K �7i2`r�`/bX ǵ.2T2M/2MiǶ `272`b iQ i?2 mb2 Q7 i?2 _2�/2`h KQM�/
i`�Mb7Q`K2`, i?2 �+iBQMb Q7 i?2 /2T2M/2Mi T`Q+2bb UQmiTmiS`Q+V �`2 bT2+B}2/
#v i?2 2H2K2Mib BM �MQi?2` T`Q+2bb UBMTmiS`Q+VX

o�`B�iBQMb QM i?Bb 7mM+iBQM ;Bp2 HQib Q7 QTiBQMb 7Q` KQ/B7vBM; T`Q+2bb2bX 6Q`
2t�KTH2- r2 +QmH/ r`Bi2 � p2`bBQM Q7 `mMR 7`QK 2�`HB2` mbBM; BMb2`i�+i_2�/J-
r?B+? BMb2`ib � /2T2M/2Mi KQM�/B+ �+iBQM �i � ;Bp2M BM/2tX
`mMR ,, AP (AMi)
`mMR = `mMS`Q+2bb UBMb2`i�+i_2�/J y UTmiai`GM ◦ b?QrV T`Q+yV

h?Bb rQMǶi i2`KBM�i2- #mi T`BMib i?2 }`bi 2H2K2Mi Q7 i?2 IO@KQMbi2` HBF2 r2
r�Mi2/- #v BMb2`iBM; i?2 T`BMi 7mM+iBQM /B`2+iHv BMiQ i?2 T`Q+2bbX

hQ biQT i?Bb T`Q+2bb UrBi?Qmi `2bQ`iBM; iQ mMb�72AMi2`H2�p2APV- r2 /2}M2
� p�`B�iBQM Q7 `mMS`Q+2bb r?B+? biQTb mM7QH/BM; i?2 IO@KQMbi2` r?2M � ;Bp2M
T`2/B+�i2 Bb i`m2,

ky



biQT�iS`2/ ,, U� → "QQHV → S`Q+2bb � → AP �
biQT�iS`2/ T UJ*QMb bV = /Q U�- b^V ← b

B 7 T � i?2M U`2im`M �V 2Hb2 UbiQT�iS`2/ T b^V

�b � bB/2@MQi2- `mMS`Q+2bb +�M MQr #2 r`Bii2M �b,
`mMS`Q+2bb ,, S`Q+2bb � → AP �
`mMS`Q+2bb = biQT�iS`2/ Uλn → 6�Hb2V

qBi? i?Bb- Bi Bb MQr TQbbB#H2 iQ i2`KBM�i2 i?2 T`Q+2bb ;Bp2M � T�`iB+mH�`
T`2/B+�i2X Ai Bb �HbQ TQbbB#H2 iQ i2`KBM�i2 � T`Q+2bb �i � T�`iB+mH�` BM/2t BM
i?2 IO@KQMbi2`- i?mb ;BpBM; 2t�+iHv i?2 #2?�pBQm` r2 r�Mi2/ 7Q` `mMR- rBi?Qmi
`2bQ`iBM; iQ mMb�72 IO Ui?Bb 2t�KTH2 Bb BM+Hm/2/ BM i?2 �ii�+?2/ +Q/2- �b Bi Bb �
#Bi KQ`2 p2`#Qb2VX

�b /2KQMbi`�i2/- IO@KQMbi2`b �`2 i`B+Fv- #mi T`QpB/2 �M BMi2`2biBM; BMi2M@
bBQM�H r�v Q7 KQ/2HHBM; T`Q+2bb2b- �HHQrBM; i?2 +QKTmi�iBQMb i?�i i?2v +QMbBbi
Q7 iQ #2 KQ/B}2/ �M/ BMi2`H2�p2/ �7i2` i?2B` /2}MBiBQMX

9Xd aiQ`2 +QKQM�/
h?2 biQ`2 +QKQM�/ Ub22 b2+iBQM eXj 7Q` i?2 /2}MBiBQM Q7 � +QKQM�/V Bb � T�B` Q7
� bi�i2 U+�HH2/ i?2 biQ`2V �M/ � 7mM+iBQM iQ 2ti`�+i � p�Hm2 7`QK i?�i bi�i2,
/�i� aiQ`2 b � = aiQ`2 Ub → �V b

� aiQ`2@KQMbi2`- � KQM�/B+ bi`2�K mbBM; i?2 biQ`2 +QKQM�/- Bb � bi`2�K
r?2`2 2ti`�+iBM; 7`QK i?2 biQ`2 ;Bp2b � p�Hm2- �M/ � M2r biQ`2X h?Bb 2M+�TbmH�i2b
i?2 B/2� Q7 �M 2MpB`QMK2Mi i?�i +�M #2 mb2/ iQ KQ/B7v Bib2H7X

Uq2 �;�BM bi`2bb i?�i- +QMi`�`v iQ i?2 M�K2- i?2 mM/2`HvBM; 7mM+iQ` BM �
KQM�/B+ bi`2�K /Q2bMǶi ?�p2 iQ #2 � KQM�/- �M/ +�M BM@7�+i #2 Qi?2` ivT2b Q7
7mM+iQ`- BM i?Bb +�b2 � +QKQM�/V

h?2 +QM+2Ti Q7 +2HHmH�` �miQK�i� (RR) }ib i?Bb ivT2 Q7 KQM�/B+ bi`2�K T2`@
72+iHv- r?2`2 i?2 bi�i2 Q7 i?2 2MpB`QMK2Mi Bb +�H+mH�i2/ 7`QK i?2 T`2pBQmb mbBM;
� `mH2X

h?2 +QKQM�/B+ BMi2`T`2i�iBQM Q7 +2HHmH�` �miQK�i� (RN) Bb � ;QQ/ BMi`Q/m+iBQM
iQ i?2 KQiBp�iBQM #2?BM/ �M/ mb2b Q7 +QKQM�/bX h?2 /Bz2`2M+2 r?2M mbBM;
KQM�/B+ bi`2�Kb Bb i?�i � aiQ`2@KQMbi2` �H`2�/v ǵ+QMi�BMbǶ 2p2`v 7mim`2 bi�i2
Q7 Bib 2MpB`QMK2Mi- bQ 2ti`� 7mM+iBQMb +�M #2 �TTHB2/ H�xBHv iQ i?2b2 #27Q`2 i?2v
�`2 �+im�HHv 2p�Hm�i2/X "v `2T`2b2MiBM; i?2 bi`m+im`2 BMi2MbBQM�HHv `�i?2` i?�M
2ti2MbBQM�HHv- vQm ;�BM �M 2ti`� H2p2H Q7 +QMi`QHX

hQ b?Qr i?Bb- i?2`2 Bb �M BKTH2K2Mi�iBQM Q7 *QMr�vǶb ;�K2 Q7 HB72 BM@
+Hm/2/ BM i?2 �ii�+?2/ +Q/2X h?Bb /2KQ mb2b � FBM/ Q7 wBTT2` +QKQM�/ (3)
BMbi2�/ Q7 biQ`2 7Q` bQK2 KQ`2 2{+B2M+v- #mi i?2 ivT2 mb2/ Bb BbQKQ`T?B+ iQ
aiQ`2 UAMi-AMiV "QQHX
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8 :2M2`�H 7mM+iBQMb �M/ QT2`�iBQMb
AM HB;?i Q7 i?2 BMi2`T`2i�iBQMb Q7 p�`BQmb ivT2b Q7 KQM�/B+ bi`2�K- bQK2 Q7 i?2
;2M2`�H QT2`�iBQMb /2}M2/ ?�p2 BMi2`2biBM; mb2b BM �HH Q` bQK2 Q7 i?2 +QMi2tib
T`2b2Mi2/X

*QMbB/2` i?2 /`QTJ 7mM+iBQMX
/`QTJ ,, JQM�/ K ⇒ AMi → JQMai` K � → JQMai` K �
/`QTJ M Kb

| M == y = Kb
| M > y = /`QTJ UM @ RV Ui�BHJ KbV
| Qi?2`rBb2 = 2``Q` ǴJQM�/B+ai`2�KbX/ Q̀TJ, M2;�iBp2 �`;mK2MiXǴ

h?Bb /`QTb i?2 }`bi n 2H2K2Mib Q7 � KQMbi2`X .QBM; bQ `2[mB`2b i?2 DQBMBM;
Q7 i?2 }`bi n KQM�/B+ �+iBQMb- r?B+? BM i?2 +�b2 Q7 State@KQMbi2`b 7Q` 2t�KTH2
rBHH F22T i?2 }`bi n bi�i2 KQ/B}+�iBQMbX h?2 KQM�/B+ i�BH 7mM+iBQM i�BHJ �m@
iQK�iB+�HHv DQBMb i?2 }`bi KQM�/B+ �+iBQM BMiQ i?2 `2bi Q7 i?2 KQMbi2`X h?Bb Bb
2[mBp�H2Mi iQ B;MQ`BM; i?2 QmiTmi Q7 i?2 722/#�+F K�+?BM2 7Q` Bib }`bi n 722/@
#�+Fb- bQ i?Bb QT2`�iBQM +QmH/ #2 b22M �b KQpBM; 7Q`r�`/b BM iBK2 n bi2TbX

h?Bb ǵKQpBM; 7Q`r�`/bǶ BMi2`T`2i�iBQM Bb bBKBH�` BM 2p2`v FBM/ Q7 KQM�/B+
bi`2�K @ BM � List@KQMbi2`- vQm ;2i i?2 HBbi Q7 +?QB+2b �7i2` n T`2pBQmb +?QB+2b
r2`2 K�/2X AM �M IO@KQMbi2` vQm ;2i i?2 QmiTmi �7i2` i?2 }`bi n +QKTmi�iBQMbX
AM � Reader@KQMbi2` Ubi�i2 K�+?BM2V vQm ;2i i?2 QmiTmi �M/ M2ti bi�i2 �7i2`
;BpBM; i?2 b�K2 BMTmi n iBK2bX AM � Maybe@KQMbi2` UH�xv HBbiV- vQm /`QT i?2
}`bi n Bi2Kb 7`QK i?2 HBbiX

�MQi?2` BMi2`2biBM; 7mM+iBQM Bb b+�MJX
b+�M� ,, �TTHB+�iBp2 K ⇒ U� → # → �V → � → JQMai` K # → JQMai` K �
b+�M� 7 x b = x <, b+�M> 7 x b

r?2`2 b+�M> 7 x b = J*QMb 0 UλU�- b^V →
U7 x �- b+�M> 7 U7 x �V b^VV <0> mM+QMb b

b+�MJ ,, JQM�/ K ⇒ U� → � → �V → JQMai` K � → JQMai` K �
b+�MJ 7 b = �#bQ`#J 0 UλU�- b^V → b+�M� 7 � b^V <0> mM+QMb b

Ai +QK#BM2b 2�+? T�B` Q7 2H2K2Mib BM i?2 bi`2�K iQ;2i?2` rBi? � ;Bp2M 7mM+@
iBQM- `2bmHiBM; BM � bi`2�K Q7 i?2 BMi2`K2/B�i2 p�Hm2bX b+�M� �HbQ /Q2b i?Bb- #mi
H2�p2b �M 2ti`� KQM�/B+ �+iBQM �i i?2 #2;BMMBM; Q7 i?2 bi`2�K- r?B+? b+�MJ
DQBMb rBi? i?2 M2ti �+iBQM BM i?2 KQMbi2` iQ `2KQp2 BiX b+�M� +�M �HbQ ;2M2`�i2
� KQMbi2` rBi? � /Bz2`2Mi ivT2 iQ i?2 BMTmi- r?B+? +�M #2 b22M 7`QK i?2 /2}MB@
iBQMb, i?Bb Bb mb27mH r?2M vQm r�Mi iQ b+�M mbBM; � 7mM+iBQM r?QǶb `2im`M ivT2
/Bz2`b 7`QK i?�i Q7 Bib �`;mK2MibX

AM i?2 +QMi2ti Q7 List@KQM�/b mb2/ �b T`Q#�#BHBiv i`22b- b+�MJ U V rBHH Ur?2M
�TTHB2/ iQ � i`22V- `2im`M i?2 i`22 Q7 b2[m2MiB�H T`Q#�#BHBiB2bX h?�i Bb- ;Bp2M irQ
+QMb2+miBp2 #`�M+?2b Q7 i?2 i`22 l1 �M/ l2 Ur?B+? `2T`2b2Mi T`Q#�#BHBiB2bV- i?Bb
b+�M BMbi�M+2 +�H+mH�i2b l1 ∗ l2- i?2 T`Q#�#BHBiv Q7 i`�p2`bBM; i?2 }`bi #`�M+? �M/

kk



i?2M i?2 b2+QM/X h?2 b+�M +�``B2b i?Bb `2bmHi 7Q`r�`/- bQ Qp2` i?`22 b2[m2MiB�H
#`�M+?2b l1- l2 �M/ l3- i?2 7mM+iBQM rQmH/ T`Q/m+2 i?2 T`Q#�#BHBiv l1 ∗ l2 ∗ l3 �i
i?2 i?B`/ #`�M+? BM i?2 M2r i`22X

AM i?2 b�K2 r�v- b+�MJ UYV +�H+mH�i2b i?2 /BbDQBMi mMBQMb Q7 T`Q#�#BHBiB2b
�+`Qbb 2�+? +QK#BM�iBQM Q7 #`�M+?2b BM i?2 i`22X

� }M�H BMi2`2biBM; 7mM+iBQM Bb BMi2`H2�p2X h?Bb UmMbm`T`BbBM;HvV H2ib vQm
BMi2`H2�p2 i?2 �+iBQMb Q7 irQ KQM�/B+ bi`2�KbX
BMi2`H2�p2 ,, 6mM+iQ` K ⇒ JQMai` K � → JQMai` K � → JQMai` K �
BMi2`H2�p2 K�b K#b = i`�Mb7Q`K Uλ? i → U?- BMi2`H2�p2 K#b iVV K�b

AM i?2 +QMi2ti Q7 List@KQMbi2`b �;�BM- i?Bb 7mM+iBQM H2ib vQm BMi2`H2�p2 +?QB+2b
@ 7Q` irQ List@KQMbi2`b L0 �M/ L1- `2T`2b2MiBM; /2+BbBQM i`22b- BMi2`H2�pBM; i?2K
`2bmHib BM � i`22 L0,1 r?2`2 i?2 }`bi /2+BbBQM BM L0,1 Bb i?2 }`bi BM L0- i?2 b2+QM/
/2+BbBQM Bb i?2 }`bi BM L1- �M/ bQ QMX h?Bb +�M /2b+`B#2 bBim�iBQMb r?2`2 /Bz2`2Mi
FBM/b Q7 +?QB+2b M22/ iQ #2 K�/2 +v+HB+�HHvX

AM IO@KQMbi2`b- i?Bb 7mM+iBQM H2ib vQm BMi2`H2�p2 i?2 �+iBQMb Q7 irQ T`Q+2bb-
2z2+iBp2Hv BKTH2K2MiBM; � M�śp2 FBM/ Q7 mb2`@H2p2H KmHiBi?`2�/BM;X

AM Reader@KQMbi2`b �M/ State@KQMbi2`b- � p�`B�iBQM Q7 i?Bb 7mM+iBQM-
BMi2`H2�p2_2�/J Bb #2ii2` BM i?2 +QMi2ti Q7 bi�i2 K�+?BM2b Ui?Bb 7mM+iBQM Bb
/Bb+mbb2/ BM i?2 IO KQM�/ TQ`iBQM Q7 b2+iBQM 9VX >2`2- i?Bb 7mM+iBQM H2ib vQm
+QK#BM2 irQ bi�i2 K�+?BM2b bm+? i?�i i?2 bi�i2 �M/ QmiTmib Q7 QM2 /2T2M/ QM
i?2 QmiTmib Q7 i?2 Qi?2`X
BMi2`H2�p2_2�/J ,, JQM�/ K ⇒ JQMai` K � → JQMai` U_2�/2`h � KV #

→ JQMai` K #
BMi2`H2�p2_2�/J UJ*QMb K�V UJ*QMb 7V =

J*QMb 0 /Q U�- K�^V ← K�
U#- 7^V ← `mM_2�/2`h 7 �
`2im`M U#- BMi2`H2�p2_2�/J K�^ 7^V

h?Bb +QmH/ #2 2ti2M/2/ bQ i?�i #Qi? KQMbi2`b �`2 /2T2M/2Mi QM 2�+? Qi?2`-
r?B+? Bb H27i �b �M 2t2`+Bb2 iQ i?2 `2�/2`X

h?2 K�BM �BK Q7 i?Bb HB#`�`v r�b iQ /2}M2 ;2M2`�H 7mM+iBQMb i?�i QT2`�i2
QM ;2M2`B+ /�i� bi`m+im`2b U/2}M2/ mbBM; KQM�/B+ bi`2�KbV- bm+? i?�i i?2 7mM+@
iBQMb ?�p2 BMi2`2biBM;- Q` 2p2M MQp2H- mb2b BM i?2 +QMi2tib T`2b2Mi2/ #v /Bz2`2Mi
KQM�/b Q` 7mM+iQ`bX q2 ?QT2 i?�i i?2 7mM+iBQMb T`2b2Mi2/ �#Qp2- �HQM;bB/2 i?2
2t�KTH2 BM b2+iBQM 9- ;Bp2 `2�/2`b � ;2M2`�H b2Mb2 Q7 i?BbX

kj



e AMbi�M+2b Q7 6mM+iQ`- �TTHB+�iBp2- *QKQM�/
h?Bb b2+iBQM QmiHBM2b i?2 6mM+iQ`- �TTHB+�iBp2- �M/ *QKQM�/ BMbi�M+2b- T`QpBM;
i?�i i?2 7mM+iBQMb /2}M2/ QM KQM�/B+ bi`2�Kb iQ BKTH2K2Mi i?2b2 b�iBb7v i?2
`2H2p�Mi H�rbX q2 rBHH T`Qp2 i?2b2 rBi? � KBtim`2 Q7 2[m�iBQM�H `2�bQMBM; UmbBM;
>�bF2HHV- �M/ +�i2;Q`B+�H `2�bQMBM;- BM 2�+? +�b2 K�FBM; T�`iB+mH�` �bbmKTiBQMb
�#Qmi i?2 mM/2`HvBM; 7mM+iQ`X

eXR 6mM+iQ` AMbi�M+2
hQ b?Qr i?�i SM Bb � 7mM+iQ` r?2M2p2` M Bb- r2 ?�p2 iQ /2}M2 Bib #2?�pBQm`
QM KQ`T?BbKb, B7 f : A → B- i?2M r2 Kmbi /2}M2 ?Qr f K�Tb QM KQM�/B+
bi`2�Kb,

SM f : SM,A → SM,B

SM f (mconsm) = mcons (M (f × SM f)m)

h?Bb /2}MBiBQM +QKTHB2b rBi? i?2 ;m�`/2/@#v@+QMbi`m+iQ`b /Bb+BTHBM2, i?2 `2@
+m`bBp2 +�HH iQ (SM f) Bb K�TT2/ iQ i?2 `2+m`bBp2 bm#bi`2�Kb #v i?2 7mM+iQ`B�H
�TTHB+�iBQM Q7 i?2 7mM+iQ` M (A×−)X h?�i Bb, (SM f) rBHH #2 `2+m`bBp2Hv �TTHB2/
QMHv �i i?2 `2+m`bBp2 TQbBiBQMb BMbB/2 i?2 b?�T2 Q7 mX h?2`2 �`2 �HbQ �TTHB+�@
iBQMb Q7 f iQ i?2 }`bi 2H2K2Mi UQ7 ivT2 AV Q7 i?2 T�B`b BM i?2 M @TQbBiBQM, i?Bb Bb
MQM@`2+m`bBp2- �M/ i?2`27Q`2 MQi T`Q#H2K�iB+X

h?2 >�bF2HH p2`bBQM Q7 i?2 7mM+iQ`B�H K�TTBM; mb2b � ;2M2`�H bi`2�K i`�Mb@
7Q`K2` �i i?2 iQT H2p2H, i`�Mb7Q`KJ K�Tb #2ir22M JQMai` K � �M/ JQMai` K # #v
K�TTBM; i?`Qm;? K � 7mM+iBQM QM i?2 +QKTQM2Mib,
mM+QMb ,, JQMai` K � → K U�- JQMai` K �V
mM+QMb UJ*QMb KV = K

i`�Mb7Q`KJ ,, 6mM+iQ` K ⇒ U� → JQMai` K � → U#- JQMai` K #VV →
JQMai` K � → JQMai` K #

i`�Mb7Q`KJ 7 b = J*QMb 0 7K�T UλU?-iV → 7 ? iV UmM+QMb bV

BMbi�M+2 6mM+iQ` K ⇒ 6mM+iQ` UJQMai` KV r?2`2
ƐƐ 7K�T , , U� → #V → JQMaì K � → JQMaì K #
7K�T 7 = i`�Mb7Q`KJ Uλ� b → U7 �- 7K�T 7 bVV

q2 +�M MQr T`Qp2 i?�i i?2 7mM+iQ` H�rb �`2 b�iBb}2/ #v SM , BiǶb 7mM+iQ`B�H
K�TTBM; T`2b2`p2b B/2MiBiB2b �M/ +QKTQbBiBQMX h?2 T`QQ7b �`2 bi`�B;?i7Q`r�`/
�TTHB+�iBQMb Q7 /2}MBiBQMb �M/ i?2 7mM+iQ`B�HBiv Q7M �M/ ×- 2t+2Ti 7Q` i?2 mb2 Q7
+QBM/m+iBQMc r2 �`2 �HHQr2/ iQ BMpQF2 i?2 H�rb i?2Kb2Hp2b BM i?2B` T`QQ7b- �b HQM;
�b r2 mb2 i?2K QMHv BM i?2 /B`2+i `2+m`bBp2 bm#i2`Kb Q7 i?2 mcons +QMbi`m+iQ`-
i?�i Bb- BM i?2 TQbBiBQMb 7Q` i?2 +QMi�BM2` M (A×−)X

G2KK� 3X h?2 B/2MiBiv 7mM+iQ` H�r ?QH/b 7Q` KQM�/B+ bi`2�Kb,

SM idA = idSM,A
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S`QQ7X q2 �TTHv i?2 H27i@?�M/ bB/2 7mM+iBQM iQ �M M @KQMbi2` BM +QMbi`m+iQ`
7Q`K,

SM idA (mconsm)
= mcons (M (idA × SM idA)m) #v /2}MBiBQM
= mcons (M (idA × idSM,A)m) #v +QBM/m+iBQM ?vTQi?2bBb
= mcons (M (idA×SM,A)m) #v 7mM+iQ`B�HBiv Q7 ×
= mcons (idM (A×SM,A) m) #v 7mM+iQ`B�HBiv Q7 M
= mconsm

G2KK� NX h?2 +QKTQbBiBQM 7mM+iQ` H�r ?QH/b 7Q` KQM�/B+ bi`2�Kb,
A7 f : A → B �M/ g : B → C- i?2M

SM (g ◦ f) = (SM g) ◦ (SM f)

S`QQ7X G2iǶb �;�BM �TTHv i?2 H27i@?�M/ bB/2 7mM+iBQM iQ �M M @KQMbi2` BM +QM@
bi`m+iQ` 7Q`K,

SM (g ◦ f) (mconsm)
= mcons (M ((g ◦ f)× SM (g ◦ f))m) #v /2}MBiBQM Q7 SM K�TTBM;
= mcons (M ((g ◦ f)× ((SM g) ◦ (SM f)))m) #v +QBM/m+iBQM ?vTQi?2bBb
= mcons (M ((g × SM g) ◦ (f × SM f))m) #v 7mM+iQ`B�HBiv Q7 ×
= mcons ((M (g × SM g) ◦M (f × SM f))m) #v 7mM+iQ`B�HBiv Q7 M
= mcons (M (g × SM g) (M (f × SM f)m)) #v /2}MBiBQM Q7 +QKTQbBiBQM
= SM g (mcons (M (f × SM f)m)) #v /2}MBiBQM Q7 SM K�TTBM;
= SM g (SM f (mconsm)) #v /2}MBiBQM Q7 SM K�TTBM;
= ((SM g) ◦ (SM f)) (mconsm) #v /2}MBiBQM Q7 +QKTQbBiBQM

q2 +�M bmK mT i?2b2 `2bmHib #v bi�iBM; i?�i i?2 KQMbi2` QT2`�iQ` Bb � 7mM+iQ`
B7 i?2 mM/2`HvBM; ǵKQM�/Ƕ Bb U`2K2K#2` i?�i r2 �`2 MQi �+im�HHv �bbmKBM; i?�i
M Bb � KQM�/ v2i- #mi Dmbi � ivT2 QT2`�iQ`VX

h?2Q`2K RyX A7 M Bb � 7mM+iQ`- SM Bb �HbQ � 7mM+iQ`X

eXk �TTHB+�iBp2 BMbi�M+2
�TTHB+�iBp2 7mM+iQ`b (Rk) 2ti2M/ i?2 K�TTBM; QT2`�iBQM #v �HHQrBM; 7mM+iBQM
b2[m2M+BM; mM/2` i?2 7mM+iQ`X h?2 �TTHB+�iBp2 +H�bb ?�b irQ K2i?Q/b, pure-
i?�i BMD2+ib bBM;H2 p�Hm2b BMiQ i?2 7mM+iQ`- �M/ !- i?�i �TTHB2b 7mM+iBQMb mM/2`
i?2 7mM+iQ`X

q2 �bbmK2 i?�i i?2 ivT2 QT2`�iQ` M Bb �M �TTHB+�iBp2 7mM+iQ`- i?�i Bb- Bi
?�b K2i?Q/b,

pure : A → M A
(!) : M (A → B) → M A → M B

b�iBb7vBM; i?2 �TTHB+�iBp2 H�rbX
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� ivTB+�H mb2 Q7 �TTHB+�iBp2 7mM+iQ`b Bb iQ �TTHv � 7mM+iBQM Q7 K�Mv �`;mK2Mib
iQ b2p2`�H �TTHB+�iBp2 p�Hm2bX A7 g : A0 → A1 → · · · → An → B �M/ m0 :
M A0,m1 : M A1, . . . ,mn : M An - i?2M,

(pure g)!m0 !m1 ! · · ·!mn : M B

AM T�`iB+mH�`- B7 g Bb �M BM}t #BM�`v QT2`�iQ` (⊕) : A → B → C- i?2M r2 mb2
i?2 MQi�iBQM,

ma ⊕̂mb = (pure (⊕))!ma !mb

q2 rBHH b?Qr i?�i SM Bb �HbQ �TTHB+�iBp2X AM Q`/2` iQ /2}M2 i?2 K2i?Q/b- r2
M22/ bQK2 �mtBHB�`v 7mM+iBQMb QM �TTHB+�iBp2 KQMbi2`bX 6B`bi Q7 �HH- � bBKTHB}2/
p2`bBQM Q7 mcons i?�i �TT2M/b � bBM;H2 p�Hm2 BM 7`QMi Q7 � KQMbi2`X h?Bb BM im`M
mb2b � bBKBH�` QT2`�iQ` 7Q` 7mM+iQ`b- r?B+? �TT2M/b �M M @�+iBQM iQ i?2 7`QMi Q7
� KQMbi2`

(▹ ::) : M A → SM A → SM A
m ▹ :: σ = mcons (M (λa.⟨a,σ⟩)m)

(▹ :) : A → SM A → SM A
a ▹ : σ = (pure a) ▹ :: σ

AM >�bF2HH,
U<,,V ,, 6mM+iQ` K ⇒ K � → JQMai` K � → JQMai` K �
K� <,, b = J*QMb U7K�T Uλ� → U�-bVV K�V

U<,V ,, �TTHB+�iBp2 K ⇒ � → JQMai` K � → JQMai` K �
� <, b = Tm`2 � <,, b

h?2 pure K2i?Q/ 7Q` KQMbi2`b i?2M +QMbBbib BM `2T2�iBM; i?2 b�K2 2H2K2Mi
7Q`2p2`,

pure : A → SM A
pure a = a ▹ : pure a

q2 /2}M2 i?2 7mM+iBQM �TTHB+�iBQM K2i?Q/ #v K�TTBM; bi`�B;?i 7mM+iBQM
�TTHB+�iBQM QM i?2 ?2�/b �M/ `2+m`bBp2 +�HHb QM i?2 i�BHb i?`Qm;? 7mM+iQ`B�H �M/
�TTHB+�iBp2 HB7iBM;,

(!) : SM (A → B) → SM A → SM B
(mconsmf )! (mconsma) = mcons (mf "̂ma)

where ⟨f,φ⟩" ⟨a,σ⟩ = ⟨f a,φ! σ⟩

h?Bb /2}MBiBQM `2+m`bBp2Hv �TTHB2b ! BM/B`2+iHv BM i?2 b2+QM/ +QKTQM2Mib
Q7 i?2 �`;mK2Mib Q7 i?2 " QT2`�iQ`X h?Bb Bb HB7i2/ iQ "̂- r?B+? /Bbi`B#mi2b
/QrM i?`Qm;? i?2 +QKTQM2Mib Q7 i?2 �TTHB+�iBp2 p�Hm2b mf �M/ ma- �M/ }@
M�HHv ;m�`/2/ #v i?2 +QMbi`m+iQ` mconsX h?Bb ;m�`�Mi22b i?2 bQmM/M2bb Q7 i?2
/2}MBiBQM �++Q`/BM; iQ i?2 ;m�`/2/M2bb #v +QMbi`m+iQ`b +`Bi2`BQMX

>2`2 Bb i?2 /2}MBiBQM Q7 i?2 �TTHB+�iBp2 BMbi�M+2 7Q` KQMbi2`b BM >�bF2HH,

ke



i`�Mb7Q`K� ,, �TTHB+�iBp2 K ⇒
U� → JQMai` K � → # → JQMai` K # → U+- JQMai` K +VV →
JQMai` K � → JQMai` K # → JQMai` K +

i`�Mb7Q`K� 7 �b #b = J*QMb 0 UλU�-�b^V U#-#b^V → 7 � �b^ # #b^V
<0> mM+QMb �b <∗> mM+QMb #b

BMbi�M+2 �TTHB+�iBp2 K ⇒ �TTHB+�iBp2 UJQMai` KV r?2`2
Tm`2 � = � <, Tm`2 �
U<∗>V = i`�Mb7Q`K� Uλ7 7b � �b → U7 �- 7b <∗> �bVV

�M �TTHB+�iBp2 BMbi�M+2 Kmbi b�iBb7v 7Qm` ;2M2`�H H�rb `2;mH�iBM; i?2 BMi2`@
�+iBQM Q7 b2[m2M+BM; �M/ Tm`2 p�Hm2b �M/ `2[mB`BM; �bbQ+B�iBpBiv Q7 �TTHB+�iBQMX
S`2HBKBM�`v BMp2biB;�iBQM �M/ �M�HvbBb Q7 bT2+B}+ BMbi�M+2b bm;;2bi i?�i i?Bb Bb
i?2 +�b2 7Q` KQMbi2`bX � 7mHH T`QQ7 Bb QM2 Q7 i?2 ;Q�Hb Q7 7mim`2 rQ`FX

*QMD2+im`2 RRX A7 M Bb �M �TTHB+�iBp2 7mM+iQ`- SM Bb �HbQ �M �TTHB+�iBp2
7mM+iQ`X h?�i Bb- i?2 7QHHQrBM; H�rb �`2 b�iBb}2/- 7Q` 2p2`v a : A- f : A → B-
σa : SM A- σf : SM (A → B)- σg : SM (B → C),

(pure id)! σa = σa

pure (f a) = (pure f)! (pure a)
σf ! (pure a) = (pure (λf.f a))! σf

σg ! (σf ! σa) = (σg ◦̂ σf )! σa

eXj *QKQM�/ BMbi�M+2 BM >�bF2HH
*QKQM�/b UBM +QDQBM 7Q`KV �`2 7mM+iQ`b rBi? irQ �//BiBQM�H QT2`�iBQMb, η i?�i
2ti`�+ib �M 2H2K2Mi 7`QK i?2 7mM+iQ`- �M/ µ- i?�i ǵ/mTHB+�i2bǶ � 7mM+iQ`,

η : W A → A
µ : W A → W (W A)

6Q` i?Bb iQ +QMbiBimi2 � +QKQM�/- i?2b2 QT2`�iBQMb M22/ iQ b�iBb7v i?2 +QKQM�/
H�rbX

h?2b2 QT2`�iBQMb �`2 2tT`2bb2/ BM >�bF2HH rBi? i?2 2ti`�+i �M/ /mTHB+�i2
7mM+iBQMb Q7 i?2 *QKQM�/ ivT2 +H�bb,
+H�bb 6mM+iQ` r ⇒ *QKQM�/ r r?2`2

2ti`�+i ,, r � → �
/mTHB+�i2 ,, r � → r Ur �V

q2 #2HB2p2 i?�i KQM�/B+ bi`2�Kb �`2 +QKQM�/b- r?2M i?2 mM/2`HvBM; 7mM+iQ`
Bb � +QKQM�/X

AM i?2 7QHHQrBM; >�bF2HH 2[m�iBQMb- i?2 7mM+iBQM ?2�/ `2im`Mb i?2 }`bi 2H2K2Mi
Q7 i?2 }`bi T�B` BM i?2 KQMbi2`- r`�TT2/ BM i?2 mM/2`HvBM; 7mM+iQ`X q2 `2[mB`2
i?2 mM/2`HvBM; 7mM+iQ` iQ #2 � +QKQM�/- bQ i?�i r2 +�M mb2 2ti`�+i iQ `2KQp2
i?2 7mM+iQ` r`�TTBM;X

h?2 T`QTQb2/ *QKQM�/ BMbi�M+2 7Q` KQM�/B+ bi`2�Kb Bb �b 7QHHQrbX
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?2�/ ,, 6mM+iQ` K ⇒ JQMai` K � → K �
?2�/ = 7K�T 7bi ◦ mM+QMb

BMbi�M+2 *QKQM�/ r ⇒ *QKQM�/ UJQMai` rV r?2`2
ƐƐ 2ti`�+i , , r � → �
2ti`�+i = 2ti`�+i ◦ ?2�/
ƐƐ /mTHB+�i2 , , JQMaì r � → JQMaì r UJQMaì r �V
/mTHB+�i2 Kb = J*QMb 0 7K�T UλU?-iV → UKb- /mTHB+�i2 iVV UmM+QMb KbV

h?2 /mTHB+�i2 7mM+iBQM 7Q` KQM�/B+ bi`2�Kb 7Q`Kb � ǴKQMbi2` K�i`BtǴX
h?Bb Bb � KQM�/B+ bi`2�K r?2`2 2�+? 2H2K2Mi Bb � KQM�/B+ bi`2�KX AM i?2 7QHHQr@
BM; T`QQ7 bF2i+?2b- r2 `2T`2b2Mi i?Bb �b KKUKbV r?2`2 KKUKbV 4 /mTHB+�i2 KbX

AMimBiBp2Hv- KKUKbV Bb � KQMbi2` r?2`2 i?2 }`bi 2H2K2Mi Bb Kb- i?2 b2+QM/ Bb
i?2 i�BH Q7 Kb- i?2 i?B`/ Bb i?2 i�BH Q7 i?2 i�BH Q7 Kb- �M/ bQ QMX

eXjXR *QKQM�/ H�r T`QQ7 bF2i+?2b
aF2i+? Q7 T`QQ7 i?�i 2ti`�+i X /mTHB+�i2 44 B/

2ti`�+i ◦ /mTHB+�i2
= λKb → 2ti`�+i UJ*QMb 0 7K�T UλU?-iV → UKb- /mTHB+�i2 iVV

UmM+QMb KbVV
= λKb → 2ti`�+i U?2�/ UJ*QMb 0 7K�T UλU?-iV → UKb- /mTHB+�i2 iVV

UmM+QMb KbVVV
= λKb → Kb
= B/

aF2i+? Q7 T`QQ7 i?�i 7K�T 2ti`�+i X /mTHB+�i2 44 B/

7K�T 2ti`�+i ◦ /mTHB+�i2 = λKb → 7K�T 2ti`�+i UJ*QMb 0 7K�T UλU?-iV →
UKb- /mTHB+�i2 iVV UmM+QMb KbVV

= λKb → i`�Mb7Q`KJ Uλ� b → U2ti`�+i �- 7K�T 2ti`�+i bVV UJ*QMb 0
7K�T UλU?-iV → UKb- /mTHB+�i2 iVV UmM+QMb KbVV
(i`�Mb7Q`KJ /27BMBiBQM)

= λKb → J*QMb 0 7K�T UλU?-iV → U2ti`�+i ?- 7K�T 2ti`�+i iVV
U7K�T UλU?-iV → UKb- /mTHB+�i2 iVV UmM+QMb KbVV

= λKb → J*QMb 0 7K�T UλU?-iV → U2ti`�+i Kb- 7K�T 2ti`�+i U/mTHB+�i2 iVVV
UmM+QMb KbV
(+QBM/m+iBp2 ?vTQi?2bBb)

= λKb → J*QMb 0 7K�T UλU?-iV → UU2ti`�+i ◦ ?2�/V Kb- B/ iVV UmM+QMb KbV
(U2ti`�+i ◦ ?2�/V Kb = �- 7B`bi 2H2K2Mi Q7 Kb)

= λKb → J*QMb 0 7K�T UλU?-iV → U�- B/ iVV UmM+QMb KbV
(� Bb /27BM2/ �b i?2 7B`bi 2H2K2Mi Q7 Kb- bQ ? = � mM/2` i?2 7K�T)

= λKb → Kb
= B/

aF2i+? Q7 T`QQ7 i?�i /mTHB+�i2 X /mTHB+�i2 44 7K�T /mTHB+�i2 X /mTHB+�i2

/mTHB+�i2 ◦ /mTHB+�i2 = λKb → /mTHB+�i2 U/mTHB+�i2 KbV
= λKb → J*QMb 0 7K�T UλU?-iV → U/mTHB+�i2 Kb- /mTHB+�i2 iVV 0

k3



U7K�T UλU?-iV → UKb- /mTHB+�i2 iVV UmM+QMb KbVV
= λKb → J*QMb 0 7K�T UUλU?-iV → U/mTHB+�i2 Kb- /mTHB+�i2 U/mTHB+�i2 iVVV

UmM+QMb KbV

7K�T /mTHB+�i2 ◦ /mTHB+�i2 = λKb → 7K�T /mTHB+�i2 UJ*QMb 0 7K�T UλU?-iV →
UKb- /mTHB+�i2 iVV UmM+QMb KbVV

= λKb → i`�Mb7Q`KJ Uλ� b → U/mTHB+�i2 �- 7K�T /mTHB+�i2 bVV 0
UJ*QMb 0 7K�T UλU?-iV → UKb- /mTHB+�i2 iVV UmM+QMb KbVV

= λKb → J*QMb 0 7K�T UλU?-iV → Uλ� b →
U/mTHB+�i2 �- 7K�T /mTHB+�i2 bVV ? iV UmM+QMb UJ*QMb 0 7K�T UλU?-iV →
UKb- /mTHB+�i2 iVV UmM+QMb KbVVV

= λKb → J*QMb 0 7K�T UλU?-iV → U/mTHB+�i2 ?- 7K�T /mTHB+�i2 iVV 0
U7K�T UλU?-iV → UKb- /mTHB+�i2 iVV UmM+QMb KbVV

= λKb → J*QMb 0 7K�T UλU?-iV →
U/mTHB+�i2 Kb- 7K�T /mTHB+�i2 U/mTHB+�i2 iVVV UmM+QMb KbV
(+QBM/m+iBp2 ?vTQi?2bBb)

= λKb → J*QMb 0 7K�T UUλU?-iV →
U/mTHB+�i2 Kb- /mTHB+�i2 U/mTHB+�i2 iVVV UmM+QMb KbV

= /mTHB+�i2 ◦ /mTHB+�i2

�b rBi? i?2 �TTHB+�iBp2 7mM+iQ` H�rb- r2 �`2 HQQFBM; iQ BKT`Qp2 i?2b2 T`QQ7b-
�M/ �HbQ iQ 7Q`KmH�i2 i?2K BM KQ`2 +�i2;Q`B+�H i2`KbX

eX9 JQM�/ *QmMi2`@2t�KTH2b
AiǶb M�im`�H iQ �bF- ;Bp2M i?2 +?Qb2M M�K2 7Q` i?Bb /�i� bi`m+im`2- r?2i?2` KQM@
bi2`b i?2Kb2Hp2b �`2 KQM�/b- �i H2�bi r?2M i?2 mM/2`HvBM; 7mM+iQ` Bb � KQM�/X
h?Bb Bb �HbQ � M�im`�H [m2biBQM #2+�mb2 Tm`2 bi`2�Kb UrBi? MQ 2ti`� 7mM+iQ`
;m�`/BM; i?2 2H2K2MibV �`2 KQM�/bX >Qr2p2`- i?Bb im`Mb Qmi MQi iQ #2 i?2 +�b2
BM ;2M2`�H Ur2 bi`QM;Hv #2HB2p2V- �M/ r2 bmbT2+i i?�i KQ`2 +QMbi`�BMib M22/ iQ #2
TH�+2/ QM i?2 mM/2`HvBM; KQM�/ 7Q` i?2 KQMbi2` Bib2H7 iQ #2 � KQM�/X L�K2Hv-
r2 #2HB2p2 i?2 mM/2`HvBM; KQM�/ b?QmH/ #2 B/2KTQi2MiX

� KQM�/ UBM DQBM 7Q`KV Bb � 7mM+iQ` rBi? irQ �//BiBQM�H QT2`�iBQMb, return
i?�i i`BpB�HHv BMD2+ib �M 2H2K2Mi BMiQ i?2 7mM+iQ`- �M/ join i?�i ~�ii2Mb � /Qm#Hv
M2bi2/ KQM�/B+ 7mM+iQ` BMiQ � bBM;H2 H�v2`,

return : A → M A
join : M (M A) → M A

6Q` i?Bb iQ +QMbiBimi2 � KQM�/- i?2b2 QT2`�iBQMb M22/ iQ b�iBb7v i?2 KQM�/
H�rb Ur2 BMi`Q/m+2 i?2b2 �b M22/2/VX AM >�bF2HH- � KQM�/ +�M #2 /2}M2/ rBi?
i?2 JQM�/ ivT2 +H�bb,
+H�bb 6mM+iQ` K ⇒ JQM�/ K r?2`2

`2im`M ,, � → K �
U==4V ,, K � → U� → K �V → K �

kN



6Q` KQM�/B+ bi`2�Kb iQ #2 � KQM�/- r2 ?�p2 iQ #2 �#H2 iQ BMD2+i � Tm`2
p�Hm2 BMiQ � KQMbi2`X h?Bb Bb /QM2 mbBM; `2im`MX Ai Bb +H2�` i?�i i?2 QMHv
TQbbB#H2 BKTH2K2Mi�iBQM Q7 `2im`M 7Q` KQM�/B+ bi`2�Kb Bb i?2 b�K2 �b i?�i Q7
pure BM i?2 �TTHB+�iBp2 7mM+iQ` /2}MBiBQM 7`QK 2�`HB2`X
`2im`M ,, JQM�/ K ⇒ � → JQMai` K �
`2im`M � = J*QMb 0 7K�T Uλ� → U�- `2im`M �V U`2im`M �VV

q2 �HbQ M22/ iQ #2 �#H2 iQ Ƕ~�ii2MǶ � KQMbi2` Q7 KQMbi2`b BMiQ � bBM;H2 KQM@
bi2`- rBi? `2bT2+i iQ +2`i�BM H�rb @ i?Bb Bb /QM2 BM >�bF2HH mbBM; � 7mM+iBQM ==4-
T`QMQmM+2/ ǵ#BM/Ƕ- Bib ivT2 /2}M2/ �#Qp2X h?Bb ~�ii2MBM; Bb /QM2 2tTHB+BiHv BM
i?2 7mM+iBQM DQBM ,, JQMai` K UJQMai` K �V → JQMai` K �, Bi Bb �Hr�vb i?2 +�b2
i?�i UK� ==4 7V = DQBM U7K�T 7 K�V BM >�bF2HHX h?Bb B/2MiBiv H2ib mb T`Qp2 T`QT2`@
iB2b Q7 #BM/ #v T`QpBM; T`QT2`iB2b Q7 DQBM- �M/ pBb�@p2`b�- �b DQBM K� = K� ==4 B/X

AM i?2b2 7QHHQrBM; +QmMi2`@2t�KTH2b- r2 �`2 HQQFBM; iQ b?Qr i?�i i?`22 M�śp2
r�vb Q7 /2}MBM; i?2 DQBM QT2`�iBQM /Q MQi rQ`FX h?2b2 +�b2b K�v Q` K�v MQi
+Qp2` �HH TQbbB#BHBiB2b @ i?Bb Bb bQK2i?BM; r2 ?�p2 v2i iQ T`Qp2X

q2 rBHH QKBi i?2 ivT2 bB;M�im`2 7Q` DQBM BM i?2 2t�KTH2b, Bi Bb ;Bp2M BM
i?2 T`2pBQmb T�`�;`�T?X q2 �HbQ `272` iQ i?2 KQMbi2`b r?B+? �`2 2H2K2Mib Q7 �
KQMbi2` Q7 KQMbi2`b- �b BMM2` KQMbi2`bX

eX9XR *�b2 R
AM i?Bb +�b2- r2 HQQF �i i?2 /2}MBiBQM Q7 DQBM �b i�FBM; i?2 Ƕ?Q`BxQMi�HǶ @ i?2
}`bi 2H2K2Mi Q7 2�+? BMM2` bi`2�K,
DQBM UJ*QMb KK�V = J*QMb 0 /Q UK�b- KK�^V ← KK�

7K�T Uλ� → U�- DQBM KK�^VV U?2�/ K�bV

>Qr2p2`- i?Bb /2}MBiBQM Q7 DQBM pBQH�i2b i?2 H27i B/2MiBiv KQM�/ H�r- r?B+?
bi�i2b i?�i i?2 7QHHQrBM; 2[m�HBiv Kmbi ?QH/,
� ,, �
7 ,, � → JQMai` K �
`2im`M � ==4 7 == 7 �

� rBiM2bb iQ i?Bb Bb i?2 KQM�/B+ bi`2�K,
7`QKai2T ,, AMi → JQMai` Uai�i2 AMiV AMi
7`QKai2T M = J*QMb Ubi�i2 Uλt → UUt- 7`QKai2T UM+RVV- t+MVVV

h?Bb ai�i2@KQMbi2`- r?2M `mM Ub22 b2+iBQM 9X9 �M/ 9X8V rBi? �M BMBiB�H MmK#2`
n- ;2M2`�i2b i?2 bi`2�K Q7 BMi2;2`b r?2`2 i?2 }`bi irQ /Bz2` #v n- i?2 M2ti irQ
/Bz2` #v n+ 1- �M/ bQ QMX

_mMMBM; 7`QKai2T R rBi? R T`Q/m+2b i?2 bi`2�K,
`mM6"ai` U7`QKai2T RV R = R <, k <, 9 <, d <, RR <, XXX

_mMMBM; `2im`M R ==4 7`QKai2T rBi? R T`Q/m+2b i?2 bi`2�K,

jy



`mM6"ai` U`2im`M R ==4 7`QKai2TV R = R <, k <, j <, 9 <, 8 <, XXX

h?2b2 �`2 /Bz2`2Mi- bQ i?Bb DQBM BMbi�M+2 /Q2bMǶi b�iBb7v i?2 H27i B/2MiBiv
KQM�/ H�rX

AMimBiBp2Hv- r2 +�MMQi i�F2 Dmbi i?2 ?2�/ Q7 2�+? bi`2�K- #2+�mb2 i?2 }`bi
�+iBQM BM 2�+? BMM2` KQMbi2` Bb ǵ�//BM; 1Ƕ @ r2 2M/ mT rBi? � bi`2�K r?2`2 1 Bb
�//2/ iQ i?2 i?2 T`2pBQmb 2H2K2Mi iQ ;2i i?2 M2ti- r?B+? r�bMǶi i?2 /2}MBiBQM
Q7 7`QKai2T RX

eX9Xk *�b2 k
h?2 M2ti TQbbB#H2 /2}MBiBQM i�F2b i?2 ǵp2`iB+�HǶ @ Dmbi i?2 }`bi BMM2` KQMbi2`,
�#bQ`#J ,, JQM�/ K ⇒ K UJQMai` K �V → JQMai` K �
�#bQ`#J = J*QMb ◦ DQBM ◦ 7K�T mM+QMb

DQBM = �#bQ`#J ◦ ?2�/

h?2 7mM+iBQM �#bQ`#J Bb /2}M2/ BM i?2 HB#`�`v- �M/ bBKTHv �#bQ`#b � KQM�/B+
�+iBQM 7`QK QmibB/2 Q7 � KQM�/B+ bi`2�KX h?2 DQBM 7mM+iBQM mb2/ iQ /2}M2
�#bQ`#J Bb i?�i Q7 i?2 mM/2`HvBM; KQM�/X

h?Bb /2}MBiBQM pBQH�i2b i?2 `B;?i B/2MiBiv KQM�/ H�r- r?B+? bi�i2b,
K� ,, JQMai` K �
K� ==4 `2im`M == K�

� rBiM2bb iQ i?Bb Bb i?2 Tm`2 bi`2�K 7`QK M- /2}M2/ �b
7`QK ,, JQM�/ K ⇒ AMi → JQMai` K �
7`QK M = M <, 7`QK UM+RV

7`QK y ;Bp2b i?2 bi`2�K Q7 M�im`�H MmK#2`bX
7`QK y = y <, R <, k <, j <, 9 <, XXX

7`QK y ==4 `2im`M mbBM; i?Bb /2}MBiBQM Q7 DQBM Ui�FBM; i?2 }`bi BMM2` KQM@
bi2`V ;Bp2b mb � bi`2�K Q7 +QMbi�Mi x2`Qb,
7`QK y ==4 `2im`M = y <, y <, y <, XXX

*H2�`Hv i?2 DQBM QT2`�iBQM +�MMQi #2 /2}M2/ �b i�FBM; i?2 }`bi 2H2K2Mi Q7
i?2 KQMbi2`- Q` i?2 ǵp2`iB+�HǶ- bBM+2 `2im`M y ̸= 7`QK yX

eX9Xj *�b2 j
h?2 }M�H +�b2 r2 +QMbB/2` Bb i�FBM; i?2 ǵ/B�;QM�HǶX q2 /2}M2 i?Bb i�FBM; i?2
}`bi 2H2K2Mi Q7 i?2 }`bi BMM2` KQMbi2`- i?2 b2+QM/ 2H2K2Mi Q7 i?2 b2+QM/ BMM2`
KQMbi2`- �M/ bQ QMX

h?Bb Bb /2}M2/ BM >�bF2HH �b 7QHHQrb,

jR



i�BHJ ,, JQMai` K � → JQMai` K �
i�BHJ = �#bQ`#J ◦ i� B H

DQBM UJ*QMb KK�V = J*QMb 0 /Q UK�b- KK�^V ← KK�
H2i UK�- ibV = U?2�/ K�b- 7K�T i�BHJ KK�^V

BM 7K�T Uλ� → U�- DQBM ibVV K�

aBKBH�`Hv iQ +�b2 R- i?Bb /2}MBiBQM /Q2b MQi b�iBb7v i?2 H27i B/2MiBiv KQM�/
H�r- iQ `2Bi2`�i2,
� ,, �
7 ,, � → JQMai` K �
`2im`M � ==4 7 == 7 �

h?2 KQMbi2` 7`QKai2T M Bb � rBiM2bb iQ i?BbX
_mMMBM; 7`QKai2T R rBi? R T`Q/m+2b i?2 bi`2�K,

`mM6"ai` U7`QKai2T RV R = R <, k <, 9 <, d <, RR <, XXX

_mMMBM; `2im`M R ==4 7`QKai2T rBi? R T`Q/m+2b i?2 bi`2�K,
`mM6"ai` U`2im`M R ==4 7`QKai2TV R = R <, j <, 3 <, Rd <, jR <, XXX

h?2 T`Q#H2K b22Kb iQ #2 r?2M i�FBM; i?2 /B�;QM�H- i?�i r?2M r2 i�F2 i?2
ni? 2H2K2Mi 7`QK i?2 ni? BMM2` bi`2�K- r2 M22/ iQ DQBM iQ;2i?2` �HH Q7 i?2 n
KQM�/B+ �+iBQMb BM i?2 BMM2` bi`2�K mT iQ i?�i 2H2K2MiX h?Bb ;2M2`�i2b /Bz2`2Mi
#2?�pBQm` #2+�mb2 i?2 b2[m2M+BM; Q7 i?2 }`bi n �+iBQMb BM � KQMbi2` Bb MQi BM
;2M2`�H i?2 b�K2 �b i?2 ni? �+iBQM #v Bib2H7X

PM2 bQHmiBQM iQ i?Bb +QmH/ #2 iQ QMHv �HHQr i?2 mM/2`HvBM; KQM�/ iQ #2
B/2KTQi2Mi (e)X h?Bb Bb � KQM�/ i?�i ǵb[m�`2b iQ Bib2H7Ƕ @ i?2 DQBM QT2`�iBQM Bb
� M�im`�H BbQKQ`T?BbKX h?Bb BbMǶi i?2 +�b2 7Q` i?Bb T�`iB+mH�` BMbi�M+2 Q7 i?2
bi�i2 KQM�/- 7Q` 2t�KTH2, b2[m2M+BM; irQ ǵ�// jǶ �+iBQMb `2bmHib 2ti2MbBQM�HHv
BM �M ǵ�// eǶ �+iBQMX

h�FBM; i?2 /B�;QM�H b?QmH/ rQ`F �b � DQBM QT2`�iBQM 7Q` KQM�/B+ bi`2�Kb
rBi? B/2KTQi2Mi KQM�/b- bBM+2 �Mv Q`/2` BM r?B+? vQm DQBM i?2 �+iBQMb `2bmHib
BM i?2 b�K2 �+iBQMX >Qr2p2`- i?Bb Bb [mBi2 � bi`QM; +QMbi`�BMi- �M/ Bi rQmH/ #2
#2ii2` B7 i?2`2 2tBbib � r2�F2` QM2X

�HH Q7 i?2b2 +�b2b �M/ +Q/2 i2biBM; i?2 H27i �M/ `B;?i B/2MiBiv KQM�/ H�rb �`2
BM+Hm/2/ BM i?2 h2biXJQM�/*QmMi2`1t�KTH2b KQ/mH2- r?B+? +�M #2 mb2/ iQ p�HB/�i2
i?2 `2�bQMBM; T`2b2Mi2/X

h?2b2 i?`22 +�b2b K�v MQi #2 2t?�mbiBp2- bQ i?Bb b2+iBQM 2tBbib �b �M BMBiB�H
bF2i+? UiQ #2 +QKTH2i2/ �i � H�i2` /�i2V Q7 r?v KQM�/B+ bi`2�Kb �`2 MQi KQM�/b
Ur?2M i?2 mM/2`HvBM; 7mM+iQ` Bb � KQM�/VX >Qr2p2`- r2 +�M b�v 7Q` bm`2 i?�i
i?2 DQBM QT2`�iBQM Bb MQi QM2 Q7 i?2 +�b2b +QMbB/2`2/- r?B+? rBHH +2`i�BMHv BM7Q`K
i?2 /B`2+iBQM Q7 � +QM+`2i2 T`QQ7X

q2 �HbQ b22F iQ T`Qp2 i?�i B7 i?2 KQM�/ Bb B/2KTQi2Mi- i?2M i?2 +Q``2bTQM/@
BM; KQM�/B+ bi`2�K Bb Bib2H7 � KQM�/X

jk



d _2H�i2/ rQ`F �M/ �TTHB+�iBQMb
h?2 ;2M2`�H �TTHB+�iBQM Q7 i?Bb HB#`�`v Bb ?BMi2/ �i BM i?2 2t�KTH2b b2+iBQM, /�i�
bi`m+im`2b i?�i +�M #2 `2T`2b2Mi2/ �b KQM�/B+ bi`2�Kb UrBi? i?2 mM/2`HvBM;
7mM+iQ` #2BM; � KQM�/V ;Bp2 K2�MBM;7mH b2K�MiB+b iQ i?2 ;2M2`�H QT2`�iBQMb r2
?�p2 /2p2HQT2/X

S2`?�Tb i?2 KQbi BMi2`2biBM; +Q``2bTQM/2M+2 Bb i?�i Q7 Reader@KQMbi2`b �M/
}MBi2 bi�i2 i`�Mb/m+2`bX AM i?Bb +QMi2ti- i?2 7mM+iBQMb BM Qm` HB#`�`v T`QpB/2 �
b2i Q7 mb27mH +QK#BM�iQ`b iQ rQ`F rBi? �M/ /2}M2 bi�i2 K�+?BM2bX � 72r Q7 i?2b2
?�p2 #22M K2MiBQM2/ BM b2+iBQMb 9 �M/ 8- �M/ bQK2 KQ`2 mb2b �`2 /2KQMbi`�i2/
BM i?2 �ii�+?2/ 2t�KTH2 +Q/2X

dXR 6_S �TTHB+�iBQM
PM2 7m`i?2` �TTHB+�iBQM Q7 KQM�/B+ bi`2�Kb Bb i?�i i?2v +�M #2 b22M �b � ;2M2`@
�HBb2/ 7Q`K Q7 u�KT�Ƕb (d) bB;M�H 7mM+iBQMbX h?Bb Bb 2tT�M/2/ QM #v S2`2x 2i �HX
BM (R8)X 6Q` 2t�KTH2- vQm +�M BKTH2K2Mi �M BMi2;`�H bB;M�H 7mM+iBQM mbBM; i?2
_2�/2` KQM�/X q2 mb2 i?2 b�K2 M�K2b �b 7Q` i?2 b�K2 +QMbi`m+ib BM u�KT�-
iQ K�F2 i?2 +Q``2bTQM/2M+2 +H2�`,
ivT2 .hBK2 = .Qm#H2

ivT2 aB;M�H6mM+ � # = JQMai` UU→V U.hBK2- �VV #

BMi2;`�H ,, aB;M�H6mM+ .Qm#H2 .Qm#H2
BMi2;`�H = J*QMb BMi2;`�H�mt6

BMi2;`�H�mt6 ,, U.hBK2- .Qm#H2V → U.Qm#H2- aB;M�H6mM+ .hBK2 .Qm#H2V
BMi2;`�H�mt6 Un- �V = Uy - BMi2;`�H�mt y �V

r?2`2 BMi2;`�H�mt B;`H �nT`2p = J*QMb UλU/i- �^V →
UB;`H^ /i- BMi2;`�H�mt UB;`H^ /iV �^VV
r?2`2 B;`H^ /i^ = B;`H + U/i^ ∗ �nT`2pV

�//BiBQM�HHv- +QK#BM�iQ`b /2}M2/ BM Qm` HB#`�`v rQ`F bBKBH�`Hv iQ +QK#BM�@
iQ`b BM u�KT�X 6Q` 2t�KTH2- i?2B` UBMi2`M�HV bB;M�H 7mM+iBQM +QKTQbBiBQM +QK@
#BM�iQ` +QKTS`BK Bb +QM+2Tim�HHv i?2 b�K2 �b Qm` 7mM+iBQM BMi2`H2�p2_2�/J-
r?B+? r�b +Qp2`2/ BM i?2 IO KQM�/ 2t�KTH2b b2+iBQMX

u�KT�Ƕb +QM+2Ti Q7 bB;M�H 7mM+iBQMb Bb ;2M2`�HBb2/ 7m`i?2` BM .mM�B- � HB#`�`v
rBi? KQ`2 /B`2+i `2H�iBQMb?BT iQ KQM�/B+ bi`2�KbX

dXk _2H�iBQM iQ .mM�B
.mM�B (R8)(R3) Bb �M 6_S HB#`�`v BKTH2K2Mi2/ mbBM; KQM�/B+ bi`2�K 7mM+iBQMb
UJa6bV- r?B+? u�KT� ?�b #22M BKTH2K2Mi2/ QM iQT Q7 Ub22 "2�`_Bp2` (Rd)VX

h?2 HB#`�`v r2Ƕp2 /2p2HQT2/ BM i?Bb �`iB+H2 �HHQrb 7Q` � rB/2 p�`B2iv Q7 QT@
2`�iBQMb QM KQM�/B+ bi`2�KbX aBM+2 i?2 Ja6b mb2/ BM .mM�B �`2 � bT2+B�H +�b2

jj



Q7 KQMbi2`b UKQMbi2`b rBi? i?2 mM/2`HvBM; 7mM+iQ` _2�/2`h � K- r?2`2 K Bb �
KQM�/V- K�Mv 7mM+iBQMb BM Qm` HB#`�`v +QmH/ #2 BM+Q`TQ`�i2/ BMiQ .mM�B- ;BpBM;
� b2i Q7 TQi2MiB�HHv mb27mH ;2M2`�HBb2/ i`�Mb7Q`K�iBQMb 7Q` Ja6 M2irQ`FbX

6Q` 2t�KTH2- b+�MJ +QmH/ #2 mb2/ iQ +�H+mH�i2 � bi`2�K Q7 BMi2`K2/B�i2
p2HQ+Biv p�Hm2b 7`QK � bi`2�K Q7 TQbBiBQM p�Hm2b- #v i�FBM; i?2 /Bz2`2M+2 Q7 2�+?
+QMb2+miBp2 TQbBiBQM,
TQbBiBQMb ,, aB;M�H6mM+ 1Mp .Qm#H2

bT22/b ,, aB;M�H6mM+ 1Mp .Qm#H2
bT22/b = b+�MJ Uλ� # → # @ �V TQbBiBQMb

>2`2- 1Mp Bb Dmbi � ivT2 `2T`2b2MiBM; bQK2 2MpB`QMK2Mi i?2 bB;M�H 7mM+iBQM
Bb QT2`�iBM; QMX

PM i?2 Qi?2` ?�M/- i?2`2 �`2 K�Mv BMi2`2biBM; +QM+2Tib BM .mM�B r?B+? +QmH/
#2 BM+Q`TQ`�i2/ BMiQ M2r 7mM+iBQMb BM i?Bb HB#`�`v- bm+? �b i?2B` +QM+2Ti Q7 6_S
+QMbi`m+ibX

h?2b2 2M+�TbmH�i2 i?2 B/2� Q7 +?�M;BM; JQMai` U_2�/2`h � Ui KVV ` r?2`2
i?2 mM/2`HvBM; KQM�/ K Bb HB7i2/ rBi? bQK2 KQM�/ i`�Mb7Q`K2` i- BMiQ
JQMai` U_2�/2`h � KV ` r?2`2 i?2 KQM�/ i`�Mb7Q`K2` i r�b Ƕ`mMǶ BM bQK2
r�v- H2�pBM; QMHv i?2 KQM�/ KX A7 i?2 KQM�/ i`�Mb7Q`K2` r2`2 GBbih 7Q` 2t@
�KTH2- Bi rQmH/ ;Bp2 `Bb2 iQ i?2 +QM+2Ti Q7 T�`�HH2HBbK rBi? #`Q�/+�biBM;X

JQM�/ i`�Mb7Q`K2`b r2`2 QMHv #`B2~v 2tTHQ`2/ BM i?2 HB#`�`v- #mi i?Bb BM/B@
+�i2b i?�i i?2`2 K�v #2 K�Mv KQ`2 +QMbi`m+ib r2 +�M 7Q`K r?2M i�FBM; i?2K
BMiQ �++QmMiX

�//BiBQM�HHv- KQM�/B+ bi`2�Kb +QmH/ #2 � mb27mH 2ti2MbBQM iQ Ja6 #�b2/
6_S @ �b b?QrM BM (R8)- KQM�/B+ bi`2�Kb +�M �H`2�/v KQ/2H �M BMTmi bi`2�K Q7
/�i� BMiQ � `2�+iBp2 T`Q;`�KX lbBM; KQM�/B+ bi`2�Kb BMbi�MiB�i2/ rBi? +QKQM@
�/b- vQm +QmH/ KQ/2H BMTmi bi`2�Kb r?2`2 i?2 p�Hm2 Q7 i?2 BMTmi U�M/ i?2 `2bi
Q7 i?2 bi`2�KV /2T2M/b QM bQK2 2MpB`QMK2MiX

JQM�/B+ bi`2�Kb r?2`2 i?2 mM/2`HvBM; 7mM+iQ` Bb � +QKQM�/ +�M #2 b22M �b
i?2 T`Q;`2bbBM; iBK2HBM2 Q7 �M 2MpB`QMK2Mi mM/2` bQK2 Bi2`�i2/ QT2`�iBQMX h?2
+QKQM�/ T`QpB/2b i?2 MQiBQM Q7 2MpB`QMK2Mi- �M/ i?2 bi`2�K BK#m2b Bi rBi? �
MQiBQM Q7 Bib T`Q;`2bbBQM BM iBK2X h?Bb B/2� QMHv 2M+�TbmH�i2b +m``2Mi �M/ 7mim`2
p�Hm2b Q7 i?2 2MpB`QMK2Mi- rBi? T�bi bi�i2b #2BM; /Bb+�`/2/X

h?Bb +QmH/ #2 mb27mH iQ KQ/2H bvbi2Kb r?B+? ?�p2 bQK2 FBM/ Q7 b2H7 `272`2M@
iB�H /�i� biQ`2- Q` 2MpB`QMK2Mib i?�i +�M #2 mb2/ iQ KQ/B7v i?2Kb2Hp2bX

PM2 TQbbB#H2 #�``B2` iQ mbBM; i?Bb BM T`�+iB+2 Bb i?�i Q7i2M BMTmib BMiQ �
T`Q;`�K- 2bT2+B�HHv BM 6_S �TTHB+�iBQMb- �`2 r`�TT2/ BM bQK2 FBM/ Q7 IO �+iBQMX
IO Bb MQi +QKQM�/B+- �b i?2`2 Bb MQ r�v iQ 2ti`�+i � Tm`2 p�Hm2 7`QK Bi UrBi?Qmi
i?2 mb2 Q7 mMb�72S2`7Q`KAP- #mi i?Bb Bb mMb�72- �b i?2 M�K2 bm;;2bibVX AM i?�i
b2Mb2- KQM�/B+ bi`2�Kb rBi? +QKQM�/b b22K iQ ?�p2 HBKBi2/ �TTHB+�#BHBiv r?2M
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Bi +QK2b iQ bi`2�Kb Q7 +QMi2ti@/2T2M/2Mi BMTmib- r?2M i?Qb2 BMTmib +QK2 7`QK
QmibB/2 Q7 i?2 T`Q;`�KX

dXj .�i�~Qr T`Q;`�KKBM;
�MQi?2` Tm`Tmb2 KQM�/B+ bi`2�Kb rBi? +QKQM�/b +QmH/ #2 mb2/ 7Q` Bb 2ti2M/BM;
i?2 +QKQM�/B+ �TT`Q�+? iQ /�i�~Qr T`Q;`�KKBM;- /2p2HQT2/ BM (kj)- rBi? i?2
+QMi2ti Q7 Qi?2` +QKQM�/bX h?2 B/2� Bb i?�i �Mv +QKQM�/ r +�M #2 2ti2M/2/
rBi? i?2 MQiBQM Q7 T�bi- T`2b2Mi- �M/ 7mim`2 p�Hm2b rBi? JQMai` rX 6mM+iBQMb Qmi
Q7 i?2 ivT2 JQMai` K � �`2 +QMi2ti@b2MbBiBp2 +QKTmi�iBQMb i?�i �`2 /2T2M/2Mi
QM �`#Bi`�`v MmK#2`b Q7 7mim`2 2MpB`QMK2Mib Q7 ivT2 r �X

dX9 S`QT2`iB2b Q7 KQM�/B+ bi`2�Kb
J�Mv T`QT2`iB2b Q7 KQM�/B+ bi`2�K 7mM+iBQMb ?�p2 #22M T`Qp2M BM i?2 �TT2M/Bt
(Re) iQ " `2Mx- S2`2x- �M/ LBHbbQMǶb kyRe T�T2` QM Ja6 #�b2/ 6_S (R8)X .2@
T2M/BM; QM i?2B` 7Q`KmH�iBQM- i?2b2 T`QQ7b K�v �HbQ b?Qr i?�i i?2 b�K2 T`QT2`@
iB2b �`2 i`m2 7Q` KQM�/B+ bi`2�Kb- #2+�mb2 KQM�/B+ bi`2�Kb �`2 Dmbi Ja6b i?�i
B;MQ`2 i?2B` BMTmibX

PM2 Q7 Qm` ;Q�Hb Bb iQ BMp2biB;�i2 7m`i?2` ?Qr i?Bb rQ`F +�M #2 �TTHB2/ iQ
i?2 +QMi2ti Q7 KQM�/B+ bi`2�KbX

3 *QM+HmbBQMb
h?Bb T`QD2+i /2p2HQT2/ � 7mHH HB#`�`v 7Q` KQM�/B+ bi`2�Kb UKQMbi2`bV BM >�bF2HHX

q2 ;2M2`�HBb2/ +QKKQM QT2`�iBQMb- 7mM+iBQMb- �TTHB+�iBQMb 7`QK i?2 bi�M@
/�`/ List HB#`�`v �M/ HB#`�`B2b QM Tm`2 bi`2�Kb iQ rQ`F QM �HH KQMbi2`bX �TTHB@
+�iBQMb Q7 Qm` rQ`F 2M+QKT�bb MQi QMHv � ?B;?2`@Q`/2` p2`bBQM Q7 i?Qb2 HB#`�`B2b-
#mi �HbQ M2r �TTHB+�iBQMb iQ MQM@r2HH@7QmM/2/ i`22b- BMi2`�+iBp2 T`Q+2bb2b- i`�M@
bBiBQM bvbi2Kb �M/ �miQK�i�- 7mM+iBQM�H `2�+iBp2 T`Q;`�KKBM;- �M/ KQ`2X

q2 T`Qp2/ b2p2`�H BKTQ`i�Mi �#bi`�+i i?2Q`2Kb �#Qmi KQMbi2`b �M/ QmiHBM2/
bi`�i2;B2b 7Q` 7m`i?2` K�i?2K�iB+�H BMbB;?ibX h?2b2 T`QQ7b `2[mB`2/ Q`B;BM�H mb2
Q7 i?2 i2+?MB[m2 Q7 +QBM/m+iBQM- r?B+? Bb � p2`v `2+2Mi �M/ �+iBp2 �`2� Q7 `2b2�`+?X

�i i?Bb TQBMi BM i?2 T`QD2+i- � 72r M2r T`Q#H2Kb ?�p2 +QK2 iQ HB;?i- bQK2
`2H�i2/ iQ BKTH2K2Mi�iBQM /2i�BHb Q7 i?2 HB#`�`v- �M/ bQK2 iQ i?2 i?2Q`v #2?BM/
KQM�/B+ bi`2�Kb �M/ +Q``2bTQM/BM; /�i� bi`m+im`2bX

6mim`2 rQ`F QM i?Bb HB#`�`v rBHH BM+Hm/2 � `2pB2r Q7 i?2 2{+B2M+v Q7 K�Mv
7mM+iBQMb r2 /2}M2/ @ i?Bb T`QD2+i r�b BMBiB�HHv �M 2t2`+Bb2 iQ b22 r?�i +QmH/
#2 /QM2 rBi? KQM�/B+ bi`2�Kb- #mi B7 i?Bb HB#`�`v +QmH/ #2 mb2/ 7Q` H�`;2` �T@
THB+�iBQMb i?2M 2{+B2M+v rQmH/ #2 �M Bbbm2X �HbQ- r?2i?2` �HH Q7 i?2 7mM+iBQMb
rQ`F 2t�+iHv �b BMi2M/2/ Bb biBHH mM+2`i�BMX h?2 7mM+iBQMb i?�i �`2 �M�HQ;Qmb iQ
i?Qb2 BM .�i�XGBbi ?�p2 #22M i2bi2/- #mi r2 ?�p2 MQi v2i /2}M2/ bQK2 +QM+`2i2
b2K�MiB+b iQ BMi2`T`2i �HH Q7 i?2 Qi?2` 7mM+iBQMb rBi?- K2�MBM; r2 +�M QMHv #2
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bm`2 i?�i i?2B` �+iBQMb QM KQM�/B+ bi`2�Kb �`2 �TT`QtBK�i2Hv i?2 BMi2M/2/ QM2bX

q2 /Bb+Qp2`2/- +QMi`�`v iQ Qm` BMBiB�H �bbmKTiBQMb- i?�i KQM�/B+ bi`2�Kb
/Q MQi BM ;2M2`�H 7Q`K � KQM�/- 2p2M B7 i?2 mM/2`HvBM; 7mM+iQ` /Q2bX q2 ?�p2
bF2i+?2/ � T`QQ7 Q7 i?Bb- #mi � +QM+`2i2 �`;mK2Mi ?�b v2i iQ #2 /2p2HQT2/X q2
BMp2biB;�i2/ i?2 +�mb2b Q7 i?Bb b?Q`i+QKBM; �M/ r2 T`QTQb2/ � +QMD2+im`2 i?�i
i?�i KQM�/B+ bi`2�Kb �`2 i?2Kb2Hp2b KQM�/b r?2M i?2 mM/2`HvBM; 7mM+iQ` Bb �M
B/2KTQi2Mi KQM�/ (e)X h?Bb b22Kb 2pB/2Mi 7`QK ?Qr Qm` +QmMi2`@2t�KTH2 bF2i+?
Bb +QMbi`m+i2/- �M/ Bi b22Kb iQ #2 i?2 +�b2 2tT2`BK2Mi�HHv- #mi � +QMpBM+BM; T`QQ7
b?QrBM; i?�i �HH Q7 i?2 KQM�/ H�rb ?QH/ ?�b v2i iQ #2 /2p2HQT2/X

�//BiBQM�HHv- Qm` T`QQ7b Q7 i?2 �TTHB+�iBp2 �M/ +QKQM�/ H�rb M22/ iQ #2
/2p2HQT2/ 7m`i?2`- �M/ i?2 +QKQM�/ T`QQ7b 7Q`K�HBx2/X

�MQi?2` �M;H2 Q7 BMi2`2bi Bb iQ HQQF 7m`i?2` BMiQ 2t�+iHv ?Qr KQM�/B+ bi`2�Kb
�`2 /Bz2`2Mi QT2`�iBQM�HHv 7`QK i?2 +Q7`22 +QKQM�/ Qp2` � 7mM+iQ`X h?Bb Bb
/2}M2/ �b i?2 }M�H +Q�H;2#`� Q7 FM X = A×M X- r?2`2 M Bb � 7mM+iQ`- r?B+?
Bb p2`v bBKBH�` iQ i?2 /2}MBiBQM Q7 KQM�/B+ bi`2�Kb BM b2+iBQM kX

h?2 /Bz2`2M+2 Bb QMHv i?�i i?2`2 Bb MQ }`bi ǵmM;m�`/2/Ƕ 2H2K2Mi BM � KQM�/B+
bi`2�K- #mi i?Bb Bb 2MQm;? K�F2 i?2K 7mM+iBQM [mBi2 /Bz2`2MiHv r?2M BMbi�MiB@
�i2/ rBi? i?2 b�K2 KQM�/bX

6BM�HHv- r?2i?2` KQM�/B+ bi`2�Kb BMbi�MiB�i2/ rBi? +QKQM�/b +QmH/ ?�p2 �
;QQ/ `QH2 BM 7mM+iBQM�H `2�+iBp2 T`Q;`�KKBM; Bb biBHH �M QT2M T`Q#H2KX Ai K�v
�HbQ #2 BMi2`2biBM; iQ HQQF �i � /m�H Q7 .mM�BǶb KQM�/B+ bi`2�K 7mM+iBQMb (R3)X
h?2 /m�H Q7 KQM�/B+ bi`2�Kb �`2 KQM�/B+ HBbib,
/�i� JQMGbi K � = K U1Bi?2` � UJQMGbi K �VV

aBM+2 i?2 ivT2 Q7 KQM�/B+ bi`2�K 7mM+iBQMb Bb BbQKQ`T?B+ iQ KQM�/B+ bi`2�Kb
rBi? i?2 `2�/2` KQM�/ i`�Mb7Q`K2`- i?2 /m�H Q7 KQM�/B+ bi`2�K 7mM+iBQMb KB;?i
#2 i?2 7QHHQrBM;,
/�i� Ja6.m�H r 2 � = JQMGbi U1Mph 2 rV �

r?B+? Bb 2bb2MiB�HHv � M2bi2/ imTH2- rBi? 2�+? H�v2` �7i2` i?2 }`bi ;m�`/2/ rBi?
� +QKQM�/B+ �+iBQMX
/�i� 1Mph 2 r � = 1Mph 2 Ur �V

1p�Hm�iBM; i?2 +QKQM�/ rBi? 2ti`�+i Q` � +Q@EH2BbHB �``Qr rBHH 2Bi?2` `2bmHi
BM � }M�H imTH2 Q7 ivT2 U2- �V- Q` �MQi?2` H�v2` Q7 ivT2 U2- JQMGbi U1Mph 2 rV �VX

h?Bb Bb HBF2 �M 2MpB`QMK2Mi 7`QK r?B+? M2r p�Hm2b +�M #2 `2T2�i2/Hv 2t@
i`�+i2/ 7`QK- #mi �i bQK2 TQBMi i?2 2MpB`QMK2Mi rBHH #2+QK2 2t?�mbi2/- `2@
im`MBM; � bBM;H2 � BMbi2�/ Q7 � M2r 2MpB`QMK2MiX

h?2 Tm`TQb2 Q7 BMp2biB;�iBM; i?Bb Bb iQ b22 r?2i?2` � KQM�/@+QKQM�/ BM@
i2`�+iBQM H�r (Ry) #2ir22M i?2 mM/2`HvBM; KQM�/ BM � Ja6 �M/ i?2 mM/2`HvBM;
+QKQM�/ BM � Ja6.m�H BMbi�M+2 +QmH/ #2 mb2/ iQ /2}M2 � 7mM+iQ`@7mM+iQ` BM@
i2`�+iBQM H�r #2ir22M i?2b2 irQ ivT2b- �M/ r?2i?2` i?Bb rQmH/ ?�p2 �Mv MQp2H
mb2b Q` BKTHB+�iBQMb BM i?2 +QMi2tib r2 ?�p2 /Bb+mbb2/X

je



_272`2M+2b
(R) JX �#Qii- hX �Hi2MFB`+?- �M/ LX :?�MBX *QMi�BM2`b @ +QMbi`m+iBM; bi`B+iHv

TQbBiBp2 ivT2bX h?2Q`2iB+�H *QKTmi2` a+B2M+2- j9k,jĜkd- a2Ti2K#2` kyy8X
�TTHB2/ a2K�MiB+b, a2H2+i2/ hQTB+bX

(k) SX �+x2HX LQM@q2HH@6QmM/2/ a2ibX LmK#2` R9 BM *aGA G2+im`2 LQi2bX
ai�M7Q`/ lMBp2`bBiv- RN33X

(j) oX *�T`2ii�X *Q�H;2#`�b BM 7mM+iBQM�H T`Q;`�KKBM; �M/ ivT2 i?2Q`vX h?2@
Q`2iB+�H *QKTmi2` a+B2M+2- 9RkUj3V,8yyeĜ8yk9- kyRRX *J*a h2Mi? �M@
MBp2`b�`v J22iBM;X

(9) oX *�T`2ii� �M/ CX 6QrH2`X h?2 +QMiBMmBiv Q7 KQM�/B+ bi`2�K 7mM+iBQMbX AM
jkM/ �MMm�H �*JfA111 avKTQbBmK QM GQ;B+ BM *QKTmi2` a+B2M+2- GA*a
kyRd- _2vFD�pBF- A+2H�M/- CmM2 ky@kj- kyRd- T�;2b RĜRkX A111 *QKTmi2`
aQ+B2iv- kyRdX

(8) EX *H�2bb2M �M/ CX >m;?2bX ZmB+F+?2+F, � HB;?ir2B;?i iQQH 7Q` `�M/QK
i2biBM; Q7 ?�bF2HH T`Q;`�KbX aA:SG�L LQiX- j8UNV,ke3ĜkdN- a2TiX kyyyX

(e) CX *H�`F �M/ _X qBb#�m2`X A/2KTQi2Mi KQM�/b �M/  @7mM+iQ`bX CQm`M�H Q7
Sm`2 �M/ �TTHB2/ �H;2#`�- kR8UkV,R98 Ĝ R8j- kyRRX

(d) �X *Qm`iM2v- >X LBHbbQM- �M/ CX S2i2`bQMX h?2 v�KT� �`+�/2X AM S`Q+22/BM;b
Q7 i?2 kyyj �*J aA:SG�L qQ`Fb?QT QM >�bF2HH- >�bF2HH Ƕyj- T�;2 dĜR3-
L2r uQ`F- Lu- la�- kyyjX �bbQ+B�iBQM 7Q` *QKTmiBM; J�+?BM2`vX

(3) :X >l1hX h?2 xBTT2`X CQm`M�H Q7 6mM+iBQM�H S`Q;`�KKBM;- dU8V,89NĜ889-
RNNdX

(N) "X C�+Q#bX AMi`Q/m+iBQM iQ *Q�H;2#`� , hQr�`/b J�i?2K�iB+b Q7 ai�i2b �M/
P#b2`p�iBQMX *�K#`B/;2 lMBp2`bBiv S`2bb- .2+ kyReX

(Ry) aX E�ibmK�i�- 1X _Bp�b- �M/ hX lmbi�HmX AMi2`�+iBQM H�rb Q7 KQM�/b �M/
+QKQM�/bX *Q__- �#bfRNRkXRj9dd- kyRNX

(RR) 1X EQxHBM2`X �H;Q`Bi?KB+ #2�miv, �M BMi`Q/m+iBQM iQ +2H@
HmH�` �miQK�i�- kyRNX ?iiTb,ffiQr�`/b/�i�b+B2M+2X+QKf
�H;Q`Bi?KB+@#2�miv@�M@BMi`Q/m+iBQM@iQ@+2HHmH�`@�miQK�i�@78jRdN#j+737X

(Rk) *X J+"`B/2 �M/ _X S�i2`bQMX �TTHB+�iBp2 T`Q;`�KKBM; rBi? 2z2+ibX CX
6mM+iX S`Q;`�KX- R3URV,RĜRj- kyy3X

(Rj) _X JBHM2`X � *�H+mHmb Q7 *QKKmMB+�iBM; avbi2Kb- pQHmK2 Nk Q7 G2+im`2
LQi2b BM *QKTmi2` a+B2M+2X aT`BM;2`@o2`H�;- RN3yX

(R9) .X S�`FX *QM+m``2M+v �M/ �miQK�i� QM BM}MBi2 b2[m2M+2bX AM SX .2mbb2M-
2/BiQ`- h?2Q`2iB+�H *QKTmi2` a+B2M+2- pQHmK2 Ry9 Q7 GL*a- T�;2b RedĜR3jX
aT`BM;2`@o2`H�;- RN3RX S`Q+22/BM;b Q7 i?2 8i? :A@*QM72`2M+2 E�`Hb`m?2X
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(R8) AX S2`2x- JX " `2Mx- �M/ >X LBHbbQMX 6mM+iBQM�H `2�+iBp2 T`Q;`�KKBM;-
`27�+iQ`2/X aA:SG�L LQiX- 8RURkV,jjĜ99- a2TiX kyReX

(Re) AX S2`2x- JX " `2Mx- �M/ >X LBHbbQMX PM i?2 K�i?2K�iB+�H T`QT2`iB2b Q7
KQM�/B+ bi`2�K 7mM+iBQMbX kyReX ?iiTb,ffrrrX+bXMQiiX�+XmFf�TbtBTRf
T�T2`bfKb7K�i?T`QTbXT/7 UlMTm#HBb?2/VX

(Rd) AX S2`2x �M/ JX " `2MxX #2�``Bp2`, 6`T v�KT� `2TH�+2K2Mi BKTH2@
K2Mi2/ rBi? KQM�/B+ bi`2�K 7mM+iBQMbX ?iiTb,ff?�+F�;2X?�bF2HHXQ`;f
T�+F�;2f#2�``Bp2`X

(R3) AX S2`2x �M/ JX " `2MxX /mM�B, :2M2`�HBb2/ `2�+iBp2 7`�K2rQ`F bmTTQ`i@
BM; +H�bbB+- �``QrBx2/ �M/ KQM�/B+ 7`TX ?iiTb,ff?�+F�;2X?�bF2HHXQ`;f
T�+F�;2f/mM�BX

(RN) .X SBTQMBX 1p�Hm�iBM; +2HHmH�` �miQK�i� Bb +QKQM�/B+- kyyeX ?iiT,ff#HQ;X
bB;7T2X+QKfkyyefRkf2p�Hm�iBM;@+2HHmH�`@�miQK�i�@BbX?iKHX

(ky) .X a�M;BQ`;BX PM i?2 Q`B;BMb Q7 #BbBKmH�iBQM �M/ +QBM/m+iBQMX �*J h`�MbX
S`Q;`�KX G�M;X avbiX- jRU9V- kyyNX

(kR) JX aMQvK�MX 1p�Hm�iBQM Q`/2` �M/ bi�i2 iQF2Mb- kyR9X ?iiTb,
ffrrrXb+?QQHQ7?�bF2HHX+QKfmb2`fbMQv#2`;f;2M2`�H@?�bF2HHf
�/p�M+2/f2p�Hm�iBQM@Q`/2`@�M/@bi�i2@iQF2MbX

(kk) aX ai�iQMX _2H�iBM; +Q�H;2#`�B+ MQiBQMb Q7 #BbBKmH�iBQMX AM �X Em`x-
JX G2MBb�- �M/ �X h�`H2+FB- 2/BiQ`b- *�G*P- pQHmK2 8dk3 Q7 G2+im`2 LQi2b
BM *QKTmi2` a+B2M+2- T�;2b RNRĜky8X aT`BM;2`- kyyNX

(kj) hX lmbi�Hm �M/ oX o2M2X h?2 2bb2M+2 Q7 /�i�~Qr T`Q;`�KKBM;X T�;2b
Rj8ĜRed- RR kyy8X
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